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In a recent paper [2] the authors have found all Artinian rings with a cyclic
group of units. Here, we extend these results to rings without a unit element.
The group of units of the ring is replaced by the group of its quasi-regular ele-
ments. Of course, these two groups are isomorphic if the ring has a unit element.
As before, it turns out that these rings must all be finite. Non-commutative

rings occur only in the case of characteristic two.
We continue to use the notation and terminology introduced in [2]. In addi-

tion: the number of elements in R will be denoted by IRI; the group of quasi-
regular of R will be designated by R; and the additive group of R will be denoted
by /R.

1. Rings with an abelian finitely generated quasi-regular group. Our first
concern is to prove that the rings we are interested in are actually finite. In
this connection we have the following result.

THEOREM 1. Let R be an Artinian ring.
abelian and finitely generated, then R is finite.

the quasi-regular group o] R is

Pro@ Let J be the radical of R, and let m be its index of nilpotence. We
start by showing that J is finite.

Let {ul, u, u} be a set of generators of j, the quasi-regular group of
J. Assume that m 2. Then j2 (0), and so {ul, u, un} also form a
set of generators of the additive group of J. Hence, by a result of Szasz [4,
Theorem 7], /J is isomorphic to the direct sum of a finite number of finite cyclic
groups, and hence J is finite in this case.
Suppose now that m > 2. Then consider R’ R/J, and let J’ be the radical

of R’. By the corollary to Lemma 1 of [2], R’ satisfies the hypothesis of the
theorem. Since J’ is nilpotent of index 2, we conclude by the case m 2 above
that J’ is finite.

Let q be the characteristic of J’, considered as a ring. From qjr (0) we
have qJ C J. We then see that q,-lj C jm (0), hence J is of finite char-
acteristic. Let r be this characteristic.
Denote the quasi-inverse of u by v 1

_
i <: n. Then every element in

J is a polynomial in {ul, u., u, vl, v, vn}, of total degree less than
m, with coefficients in Z, the ring of integers modulo r. Hence J is a finite
Z, module, and so is finite.
Now if R J, we are done. Otherwise, we again apply the corollary to
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