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If B is a compact point set in the complex plane and ](z) a given function
continuous on B, there exists a unique polynomial p* P, Pn being the set
of polynomials of degree at most n, such that

(1)
for all p P,, p
p*, where the norm in question is the uniform norm on B.
We call p* the best approximation to (on B out of Pn), and write E,(]; B)
If P*,II. Our main object here is to present several classes of examples of
both analytic and nonanalytic functions where the best approximation cart be
determined explicitly for all n. In the first section we present the general theory
of best approximations. The second section is devoted to some old and new
exact polynomial approximations to analytic functions, while the third section
is devoted to approximations to a special class of nonanalytic but continuous
functions on the disc.
1. A characterization of best approximations. We begin by recalling some
eharacteristic properties of best approximations. A signature, Z, is a finite
set of ordered pairs of complex numbers (z, e) }__ where the z B are distinct
1. (Occasionally, we refer to the set {z} as 2:.)
and I ,1
is said to be
extremal for approximation out of P, if there exist nonzero complex numbers
i% such that
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for all p t P.. It is clear that if
If g C(B), we put
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i.e., E is the set where g assumes its maximum value on B. We now quote
result which characterizes best approximations.

.

THEOREM A. (Rivlin and Shapiro [3]) I] p P. Z is an extremal signature
r, then p
Ior P. and Z C E(] p) with sgn (](z,) p(z,)) e, i 1,
is a best approximation to ]. Conversely, i] p* is a best approximation to ] on B
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