INEQUALITIES FOR MAPPINGS ON SPACES OF SKEW-SYMMETRIC
TENSORS

By MARVIN MARcUS AND WiILLIAM R. GORDON

1. Introduction. The analysis of certain operators on appropriate symmetry
classes of tensors has proved to be an effective method for obtaining inequalities
for matrix functions. In [4] this technique was used to obtain a partial resolu-
tion of the van der Waerden conjecture concerning the permanent of a doubly
stochastic matrix. Again in [3] an analogue for permanents of the Hadamard
determinant theorem was obtained by analyzing the eigenvalues and eigen-
vectors of a positive definite hermitian operator on the symmetry class of com-
pletely symmetric tensors. In this paper we generalize an inequality recently
published by Thompson [5] by obtaining the eigenvalues and eigenvectors of a
linear operator connecting two appropriate Grassmann spaces.

2. Statement of the inequality. Let A be an mk-square complex hermitian
positive definite matrix. Suppose A is partitioned into m® k-square submatrices
A;;:ie. A;;is the submatrix of A lyinginrows k(z — 1) 4+ 1, - - - , k¢ and columns

kEG—-—1)+1, - kjy¢,j=1,+--,m. Fort=1, ..., mlet B, be the i-
square matrix whose ¢, j entry is det A;; , 7, = 1, --- , ¢, and let 4, be the
principal submatrix of A lying in rows and columns 1, --- , tk of A. We prove
the following result.

TaEorEM. Foreacht = 2, --- ,m,
0 det B,_, _ det B, det B, _ 1

det Ay Sdet A, deb 4,

Equality holds in (1) if and only if A, = A,_, -+ A,, , where -+ indicates direct sum.

In [1] Everitt proved that det B,/det 4, > 1, and in [5] Thompson proved
the generalization: det B,/det A, > 1.

3. Proof of the theorem. Let U be an n-dimensional unitary space, n > mk,

2
with inner-product (,). Asusual A U, 1 < p < n, will denote the p-th Grass-
mann space associated with U, i.e. the symmetry class of all skew-symmetric
p-contravariant tensors defined on U, [2]. The inner product in U naturally

»
induces an inner product (,), in A U whose value on a pair of pure vectors
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