SOME PROPERTIES OF THE FUNDAMENTAL
SOLUTION OF THE PARABOLIC EQUATION

By StEwArT M. ROBINSON

1. Introduction. The existence of a fundamental solution of the parabolic
equation
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has been demonstrated by many authors under various continuity conditions
on the coeflicients. Dressel [4], [5] proved that a fundamental solution of (1)
exists in a domain of n-space if the functions 9°a,./dx:92; and da;;/9d, are bounded
and satisfy Holder conditions with respect to all n 4+ 1 variables. Yosida [16]
and It6 [10], [11] considered the problem of finding fundamental solutions on
differential manifolds. When the coefficients are infinitely differentiable,
Yosida has shown that (1) has a fundamental solution in a compact subset of
a Riemannian space. Ito constructs a fundamental solution on a differentiable
manifold of class C* under the same continuity conditions (though with some-
what different boundedness conditions) as were required in the papers by
Dressel. Pogorzelski [13] has shown that a fundamental solution of (1) can be
found in a bounded domain in n-space even though the a;; may not be differen-
tiable. His main requirements on the a;; are that they satisfy a Hélder con-
dition in all the variables z, , -+ , z, , and {. In a later paper [14] he extends
his solution to all of n-space in the special case that a,; = §;; outside of a fixed
bounded region. In a recent paper, Aronson [1] proves the existence of a
fundamental solution in all of n-space in case the functions a;; , a; , @, da;/dz,
are continuous in ¢ and satisfy uniform Holder conditions with respect to the
space variables. In an appendix to his paper, Aronson states that the restrictions
that a; have Holder continuous first derivatives can be removed, and then
outlines the changes needed to accomplish this. In the present paper the
existence of a fundamental solution is proved for both bounded and unbounded
domains under conditions similar to those imposed by Aronson. Our methods
are different, and, since we start with a different parametrix, the resulting
fundamental solutions are not the same. Making use of several lemmas in the
existence proof of the fundamental solution I', we next derive several of the
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