SOME CONGRUENCES INVOLVING SUMS
OF BINOMIAL COEFFICIENTS

By L. CArLITZ

1. Adem [1; 233-237] has proved the following congruence:
S a—k(q-l))(b+k(q—1))=(a+b+1)
1) kZ_:,’ < & n—k = n (mod ).

Here ¢ is prime, n > 0, and a, b are arbitrary integers. Since

(f ) = ()

(1) is easily seen to be equivalent to

© Z”:(a+k<1>(b+(n——k)q>5(a+b+nq) (mod ).

%=0 k n—k n

We should like to point out that the congruence (2) is an immediate conse-
quence of certain known algebraic identities. Indeed, in this way we find that
(2) holds for arbitrary integers ¢ (not necessarily prime) and also for a, b rational
numbers whose denominators are prime to g.

Put
a (a + Icq)
a + kq k ’

Aila, @) =

Then we have the identity

kZ_;) Aa, QA,(b, ) = Aila + b, g).

Moreover
(3) Ig Ak(a: Q) = xa)
© a + kq) v xa+l
@ kz.;( E T U =qrz+aq’
where
5) z—1=2%.

For proof of these formulas as well as a number of applications and a detailed
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