THE ASYMPTOTIC BEHAVIOR OF THE MINIMUM
IN A SEQUENCE OF RANDOM VARIABLES

By M. L. Juncosa

1. Introduction. Let £, = min,c, X, , n = 1,2, --- , where X, , X, , -+
is a sequence of mutually independent random variables whose respective dis-
tribution functions, assumed to be non-unitary throughout this work, are
Fl(x); F2(x)7 Tttt

If sequences of real constants (norming parameters) {a, > 0} and {b.},
n = 1,2 --., exist such that

n

n lim Pr {£, > a.x + b.) = lim [] [1 — Fu(a.x + b.)]

n—w n—o k=1

exists and is of the form 1 — V(x) where V(z) is a non-unitary distribution
function, then one says that {£,} has a limiting distribution. It is known that
the limit class V(ax + b), if it exists, is unique. Furthermore, for each non-
unitary limit V(z), the sequences {a, > 0} and {b,} are asymptotically unique
(see [3; Lemma 1]). We shall give some conditions under which {£,} has a
limiting distribution.

Completing previous work by Fréchet [2], Fisher and Tippett [1], and de
Misés [5] in the case of identically distributed variables {X,}, Gnedenko (3]
has shown that there exist only three classes of limiting distributions and has
given necessary and sufficient conditions for convergence to each class. One
of the chief purposes of this work is to point out, in §3, that much more general
classes exist if we drop the restriction that the random variables {X,} are
identically distributed.

In our case if no restrictions on {F,(x)} are imposed, then it may happen
that the behavior of (1) is determined by a finite number of random variables
of the sequence {X,}. We would then not have a limit theorem in the usual
sense of the word. As an example, consider the case where F(x) = V(k'z),
k=1,2 --., where V(z) is any distribution function such that V(0) = 0,
V(x) > O0forz > 0, and, as 2 — 0, V(z) = o(x‘), where ¢ > 0. It is clearly
necessary that b, ~ 0 and a, = O(n™") in order for (1) to exist and be non-
unitary. In this case the behavior of (1) is completely determined by the
contribution from the single term F,(a,x + b,). Similarly the behavior of (1)
is essentially determined by a finite number of elements of the sequence {X}
whenever ), Fi.(x) < . In order to eliminate such cases we shall use conditions

Received February 9, 1949. This paper is connceted with work under an ONR contract
for developing probability theory at Cornell University. The author thanks Professor W.
Feller for his many helpful suggestions.

609



