FERMAT’S THEOREM FOR MATRICES
By Ivan NivEN

1. Introduction. For a prime p and an integer n > 1, let G, designate the
group of matrices A of order n with integral elements such that | A | is prime
to p. It has been proved by J. B. Marshall [3] that A = I (mod p) for every
A in G, where ¢ = p'q, , p" being the lowest power of p which is greater than
or equal to n, and ¢, being determined by the recurrence relation ¢, = p — 1,
¢, = L.CM. [g._1, p* — 1]. For certain small values of n and p, Marshall
showed that ¢ is a minimum, that is, that ¢ is the L.C.M. of the orders of the
elements of the group G, . We prove this in general, and generalize the result
to any finite field, as follows.

TrEOREM 1. Let @, be the group of non-singular matrices of order m with
elements in GF(p™). The L.C.M. of the orders of the elements of G., is ¢ = P'q.
withr defined by p” > n > p"~ ', and

1) ¢ =LCM.[p" — 1,9 — 1, -, p" — 1].
This theorem is proved in §2.
Marshall gives the values of his ¢; forj = 1,2, --- , 6. For example, ¢; =

" — D@ — D@P* — 1)/(p — 1)°. It seems to be assumed that the L.C.M.
in the number theoretic sense is the same as that in the polynomial sense. In
fact it is; in §3 we prove that for any positive integers a and r

LCM. [z —1,2°—1, -+, 2" — 1],.,
=LCM.[a—1,0a—1,---,a — 1],

@)

where the notation on the left means L.C.M. in the polynomial sense evaluated
atxz = a.

The group @, is not cyclic, so that the integer ¢ in Theorem 1 is not the
order of any element of the group. In §4 we prove that the orders of the in-
dividual elements are given by the following algorithm. (The problem of
determining these orders was suggested to the writer by Prof. L. Carlitz.)

THEOREM 2. Let n be written in all possible ways in the formn = N 4+ n, +
N+ o+, withN >0 h>1,2<n <n < -+ <n,. Letply}

designate the first in the series 1, p, p°, p° , - -+ which equals or exceeds y. Then
the orders of the elements of the group G,, are the values

€)) pin}(p — 1),

@ p{N} LCM. [p™ — L, p"™ — 1, .-+, p™" — 1],

and their divisors.
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