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1. If f(x, y) is continuous in a bounded domain (a bounded non-null con-
nected open set), then a necessary and sufficient condition that f(x, y) be sub-
harmonic in ) is that one of the inequalities (all fundamental properties of
subharmonic functions used in this paper are discussed in [6])

(1) f(x, y) _< M(f x, y; r)=--
rr ff

D(x,y;r)

f(x -t- , y + 7) di d,

if(2) f(x, y) <_ m(f x, y; r) - f(x + , y -t- 7)ds,
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(3) M(f; x, y; r)

_
m(f; x, y; r)

hold for each circular disc
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lying in ; here C(x, y: r) denotes the boundary of D(x, y; r). If f(x, y) has
continuous partial derivatives of the second order in o, then a necessary and
sufficient condition that f(x, y) be subhal-monic in ) is that Af(x, y)

_
0 in ),

where
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Relative to (1) and (2) we have the operators

(4) P(f x, y) lim M(f x, y; r) -f(x, y)
.o r2

(5) B(f x, y) lira m(f x, y; r) f(x, y)
r-*O yr

introduced by Privaloff [5] and Blaschke [2], respectively. The operators
P(f; x, y) and B(f; x, y) have led to interesting characterizations of subharmonic
functions; for example, if f(x, y) is continuous in , then a necessary and sufficient
condition that f(x, y) be subharmonic in ) is that P(f; x, y) >_ 0 in (or
B(f;x,y) >_ 0in).

P(f; x, y) and B(f; x, y) are examples of generalized Laplacian operators (for
a novel discussion of generalized Laplacians see [4]), some of which have proved
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