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A theorem of Herglotz states that a function is positive and harmonic in a
circle if and only if it can be expressed as a Poisson-Stieltjes integral with non-
decreasing integrator function (see, for example, [1; 571] for a proof and for
a reference to the original paper). A corresponding result was stated and
proved by S. Verblunsky [2] for a hMf-plane. The proof was obtained by trans-
formation of the hMf-plane into a circle. We propose to give here an independent
proof without use of any such transformation. We obtain incidentally an
interesting uniqueness result, Theorem 3, which seems not to have been stated
explicitly before. The proof assumes no more recondite knowledge of a harmonic
function than that it cannot have a minimum inside its region of definition.

THEOREM l. If (x)/(1 + x2) e L in (- and is continuous at Xo then

(1)
l f y ,(t) dtF(x, y) y + (t x)

is harmonic for y > 0 and F(xo 0 --) (Xo).

As "+ ’, the expression (t -+- 1)/(t x) approaches 1, and so has a finite
upper boundM(x) over[t- x _> 6. Hence fory 0

y,p(t)
y -+- (t- x)

dt << yM(x)
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It is thus clear that the integral (1) converges for y > O. It represents a harmonic
function there since the integrand is harmonic for each fixed t. Since

Y-t- (x-- t)
dr= 1,

we also have, for any ti > O,

F(xo y) ,(xo) < M(xo) y dt

-+- u b o(t) ,p(Xo) I.
t-xol<

Hence

lim F(xo, y) (o) u.b. I(t) (Xo) I.
y---,O+ t-xo[ <

Since the right side approaches zero with ti, the theorem is proved.
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