ASYMPTOTIC FORMS FOR A GENERAL CLASS OF HYPERGEOMETRIC FUNCTIONS WITH APPLICATIONS TO THE
GENERALIZED LEGENDRE FUNCTIONS
BY GEORGE E. ALBERT
1. Introduction. The classical differential equation of Jacobi [5]
(1) (1 z)y ’’ + {t
( -t- /-t- 2)z}y’ -F ( + c + -t- 1)y 0
is solved by the pair of hypergeometric functions (to be designated as the Jacobi
functions)
Y,]’)(z) F(, + a -t" l + 1, -,; a + 1; 1/2(1 z)),
Y,"’)(z) [1/2(z- 1)] -’-"-(2)
F(e -F a -F -F 1, e "t- -F 1; 2 -F a -F -F 2; 2/(1 z)).
In the following pages forms will be derived for the Jacobi functions (2) which
are asymptotic with respect to the large parameter v.
The Legendre functions of complex degree, order, and argument are defined
in terms of the Jacobi functions (2) by the formulas
r(-- )

p",(z)

r(

(3)

,)

.’ z,
-(-"’")

"’

r(2 + 2)

(z);

see Hobson [3] or [4]. In virtue of these relations between the two classes of
functions, asymptotic forms will be at hand for the Legendre functions for
values of
which are large in comparison with 1 ], and conversely.

I. The ]aobi functions
2. The normalization of the differential equation. In the differential equation
a, and 1 will be subject to the blanket restrictions that
be large and a I,
be bounded; otherwise they are general complex numbers.
The variable z will be allowed to rnge over the unbounded complex plane, cut
along the axis of reals from the point z
with the exception of
1 to z
an arbitrarily small neighborhood of the point z
-1. The domain of z thus
defined will be consistently designated by R. In virtue of the known continuation formulas for hypergeometric functions, the omission of any small
-1 involves no loss of generality in the results
neighborhood of the point z
to be obtained.
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