TRIGONOMETRIC APPROXIMATION IN THE MEAN

BY E. S. QU.&DE
The following theorem is stated without proof by G. H. Hardy and J. E.
Littlewood.
TEOM. The class Lip(a, p) is identical with the class of functions f(x)
approximable in the mean p-th power, with error O(n-"), by trigonometrical polynomials of degree n.
They remark in addition: This approximation may be made in general by the
Fourier polynomials off(x); the case p
in which this is not true, is exceptional.
The initial purpose of this paper is to examine the rnge of values of p and a
for which this theorem and remark are true and to supply proofs. In doing
this, related theorems are obtained in which the approximations are in terms of
the metric of u more extensive spce than L and in which the functions that
measure the degree of pproximation are more general than n-". These
theorems and their proofs parallel to a large extent the theorems given by de la
Vallde Poussin and Dunham Jackson for the class Lip(a).
We assume throughout that our functions f(x) are periodic with the period
2v. The functions (u) and (u) are of Young’s type. That is, (u) is nonas u
negative, convex, and satisfies the relutions (0) 0 and (u)/u
(u) has similar properties and is such that Young’s inequality
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