CONCERNING THE EQUILIBRIUM POINT OF GREEN’S FUNCTION
FOR AN ANNULUS

BY ALFRED J. MARIA
1. Introduction. This paper is concerned with an investigation of the
equilibrium point of Green’s function for an annulus.
In the z-plane let zl R1 and zl R, R1 < R, be the equations of two
circles; let 2; be the set of points z for which R =< z =< R. It is known that
the Green’s function for 2;, G(z, Zo), with pole at z0, interior to 2;, has one and
only one equilibrium point z, R < z < R, i.e., z rei satisfies the equations
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Let the pole z0 lie on a fixed line a through 0; then the equilibrium point z will
lie on a. We shall then have r as a single-valued function of ro, r
g(ro), say.
The following is a study of the function g(ro).
It will be shown that g’(ro) > O, R < ro < R, and that lim g’
lim g’ 0.
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Another result is that if R1 <: r0 < R, values R, R3 exist such that R
< r <: R3 < R. It is possible from the theory developed to compute for given
R and R the maximum and minimum values of R and R, respectively.

OG/Or

2. Some results in the theory of elliptic functions3 The function F(u)is
defined as
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The function a(u) is defined as

(u)

exp

(log

u

+

(u) +--+

log 1-

u

The function (u)
F’(u) is doubly periodic with periods 2o and 2w3. ’(U)
and a (u) are odd functions, and (u) is an even function. When 1 is positive
and o is pure imaginary, ’(u), a(u) and (u) are real for real u. We define
m F() which is real.
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3. The Green’s function for 2;. It is clear that we may restrict the discussion,
without loss of generality, to the case where R
1 and the pole is at e a
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For the sake of completeness, proofs of these statements will be given.
Tannery et Molk, Flmens de la tMorie des fonctions elliptiques, Paris, 1893, vol. 2,
p. 235.
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