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ON THE MORGAN-SHALEN COMPACTIFICATION
OF THE SL(2,C) CHARACTER VARIETIES

OF SURFACE GROUPS

G. DASKALOPOULOS, S. DOSTOGLOU,and R. WENTWORTH

1. Introduction. Let 6 be a closed, compact, oriented surface of genusg ≥ 2
and fundamental group0. Let X(0) denote the SL(2,C) character variety of0, and
D(0) ⊂ X(0) the closed subset consisting of conjugacy classes of discrete, faithful
representations. ThenX(0) is an affine algebraic variety admitting a compactification
X(0) (due to Morgan and Shalen [MS1]), whose boundary points∂X(0) = X(0)\
X(0) correspond to elements ofPL(0), the space of projective classes of length
functions on0 with the weak topology.

Choose a metricσ on6, and letMHiggs(σ ) denote the moduli space of semistable
rank-2 Higgs pairs on6 (σ) with trivial determinant, as constructed by Hitchin [H].
ThenMHiggs(σ ) is an algebraic variety, depending on the complex structure defined
by σ (cf. [Si]). By the theorem of Donaldson [D],MHiggs(σ ) is homeomorphic to
X(0), though not complex-analytically so. Let us denote this maph : X(0)→MHiggs

(we henceforth assume the choice of base pointσ ).
We define a compactification ofMHiggsas follows: LetQD (more precisely,QD(σ ))

denote the finite-dimensional complex vector space of holomorphic quadratic differ-
entials on6. Then there is a surjective, holomorphic mapMHiggs→ QD taking the
Higgs field8 to ϕ = det8. We compose this with the map

ϕ −→ 4ϕ

1+4‖ϕ‖ ,

where‖ϕ‖ = ∫
6
|ϕ|, and obtain

d̃et :MHiggs−→ BQD= {ϕ ∈QD : ‖ϕ‖< 1} .
Let SQD= {ϕ ∈QD : ‖ϕ‖ = 1} be the space of normalized holomorphic quadratic
differentials. We then defineMHiggs=MHiggs∪SQDwith the topology given via the
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