ON THE POLYNOMIALS RELATED TO THE DIFFERENTIAL EQUATION
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BY Frank S. BEALE

Introduction. In a previous issue of this Journal' E. H. Hildebrandt has
established the existence of a general system of polynomials P,(k, x) associated
with the solutions of Pearson’s Differential Equation
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N and D being polynomials in x of degrees not exceeding one and two respectively
with no factor in common.

It was shown that the polynomials P.(k, z) = P, themselves satisfy certain
differential equations and a recurrence relation. The classical polynomials of
Hermite, Legendre, Laguerre, and Jacobi are special types of P,(k, ). Since
the classical polynomials are employed rather extensively in statistical theory,
certain of their properties are of special interest.

It is the purpose of this paper to determine from Hildebrandt’s general equa-
tions some new properties of P,(k, z) and to apply these properties to the
classical polynomials. The paper consists of two parts. In part I some
theorems are established concerning common zeros of D and P,,. In particular,
a theorem is established to exhibit the conditions under which the zeros of P, ,
which are not zeros of D, are simple. In part II a method is outlined for the
classical polynomials by which one can determine the number and location of
the real zeros in the various segments into which the zeros of D divide the z axis.
The points of inflexion and the degree of the polynomials are also considered.

A new feature of the method employed is, we believe, its being based upon the
use of differential equations of first order, for most part, while other investi-
gators® have employed differential equations of second order. As to the results
obtained, the author believes them to be partly new. They have points in
common with the results of Fujiwara, Lawton and Webster.
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