ON THE INDEPENDENCE OF CERTAIN ESTIMATES OF VARIANCE'
By ALLEN T. Cralc

1. Introduction. It is well known that a necessary and sufficient condition
that several statistics be independent in the probability sense, is that the char-
acteristic function of the joint distribution of these statistics shall equal identi-
cally the product of the characteristic functions of the distributions of the
individual statistics. Thus, if z;, 22, ---, 2y are N independently observed
values of a variable z which is subject to the distribution function f(z), and if
8,,0,, .-, 0, are s statistics, each computed from the N observed values of z,
the characteristic function of the joint distribution of the s statistics is given by

¢(t1, tz, e, ta) = / . /e-‘t101+...+.’t.0af(xl) . f(xh') de . dxl.

Here, i = 4/—1 and the limits of integration are taken so as to include all
admissible values of . Since the characteristic function of the distribution of
0,,v=12 ..., s isgiven by

o) = [ o [ @) Son) da -

the necessary and sufficient condition for the independence of the s statistics
can be written

€)) eltr, -+ t) = @its) -+ eults),
for all real valuesof ¢, ,t2, --- ¢, .

An important phase of sampling theory in statistics is that in which the
variable z is subject to the normal distribution function

z?
f@) = a\l/z—e_m, —o <z< o,
™

and 6, ---, 0, are s real symmetric quadratic forms in the N independently
observed values of x. That is,
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1 Presented to the Institute of Mathematical Statistics on December 30, 1937, at the
invitation of the progam committee. In the paper, we discuss, from a slightly different
point of view, somie of the material found in the references given at the close of the paper.
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