THE CONSTRUCTION OF ORTHOGONAL LATIN SQUARES!
By Henry B. Mann?
Columbia University

A Latin square is an arrangement of m variables 2, , &2, - - - , Z» into m rows
and m columns such that no row and no column contains any of the variables
twice. Two Latin squares are called orthogonal if when one is superimposed
upon the other every ordered pair of variables occurs once in the resulting

square.
The rows of a Latin square are permutations of the row 1,22, -+ , Tm . Let
P; be the permutation which transforms x;, 2z, « -+ , = into the 7th row of the

Latin square. Then P;P7' leaves no variable unchanged for ¢ > j. For other-
wise one column would contain a variable twice. On the other hand each set of

m permutations Py, Py, - - - , Pn such that P;P;" leaves no variable unchanged
generates a Latin square. We may therefore identify every Latin square with
a set of m permutations (Py, P, - -+, P,) such that P;P;" leaves no variable
unchanged.

Now let (P1,P:,---,P,), (Q,Q2, --,Qn) be a pair of orthogonal
Latin squares. We shall show that (PT'Q., P7'Qx, -+ -, P;'Q.) is a Latin
square. P7'Q; is the transformation which transforms the sth row of
(P1, Py, -+, Py) into the sth row of (@1, Q:, -+, Qm). Since every pair of
variables occurs exactly once if the second square is imposed upon the first,
the square (P1'Q:, P7'Q., - -+ , P»'Qn) contains for every ¢ and k a permuta-
tion which transforms z; into z; . But then it can not contain two permuta-
tions which transform z; into z; . This argument can be reversed and it follows
that (P1, P2, -+, Pn) and (@1, @z, ---, @») are orthogonal if and only if
(PT'Q1, P3'Q., - - -, P7'Qu) is a Latin square.

Denote now by an m sided square S any set of m permutations
(81,82, -+, Sn) and by the product S8 of two squares S and S’ the square
(8181, 8281, -+, SwSw). Then we can state: Two Latin squares Ly and Le
are orthogonal if and only if there exists a Latin square Ly such that
(1) LiLy = L.

Now let Ly, Ly, ---, L, be a set of »r mutually orthogonal Latin squares.
Then we must have L;Ly = L where Ly is a Latin square if 7 = k. Hence we
have the theorem

TueoreM 1: The Latin squares Ly, Ly, - - - , L, are orthogonal if and only
if there exist r(r — 1) Latin squares Lyt # k) such that L;Ly, = Ly .

CoroLLaRY: If L', L¥ and L™ are Latin squares then L’ is orthogonal to L*.

For instance if L and L* are Latin squares then L is orthogonal to L.

1 Presented to the Mathematical Society October 31st, 1942. After I submitted this
paper for publication Dr. Edward Fleisher sent me his thesis on Eulerian squares which
he submitted in 1934 and in which he proved Theorem 3 in a different manner.

2 Research under a grant in aid of the Carnegie Corporation of New York.
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