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CALCULATION OF EXACT SAMPLING DISTRIBUTION OF RANGES
FROM A DISCRETE POPULATION!

By Irvine W. BuUgrr
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1. Introduction. The exact sampling distribution for ranges is known for but
few populations, and general information on moments of the range is incomplete.
This note gives a method for calculating the exact sampling distribution for
discrete universes having a finite range and approximating those for populations
with an infinite range. ‘

2. Derivation. Consider a random variable X defined on integers a to b,
both finite. Let p; be the probability that X is ¢, and p(R) be the probability
that the range takes the value R. Then for a sample of n X’s from the popula-
tion (drawn with replacement) we have
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since the summand contains at least one X at 7 and at least one X at ¢ + R
and those X’s not at these values are all between, and the summation is over all
possible such samples. To obtain a more useful form we let
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Then

b—R n—1 n—r

pR) = 3 & > ——TiPiPR a4 LR — 9)

ima 1l a1 rl8l(n—1r — )

b—R

= Z [terms of M™"(z, R) containing at least one ¢ and at least one ¢ + R].

To get the desired terms of M"(z, R), we first subtract from it all of those terms
which fail to contain any 7 + R, namely, M"(z, R — 1). Then we also subtract
off those which fail to contain any ¢, namely M"(: + 1, R — 1). But these two
expressions overlap to the extent of M"(z + 1, B — 2), that is, terms with
neither 7 nor ¢ + R. So this must be added back on. Thus we have
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-M(G+1L,R—-1)+ MG+ 1,R—2).
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