EXTREMAL PROCESSES?

By MEYER Dwass
Northwestern University

1. Introduction. Suppose X;, X, -- - is a sequence of independent and identi-
cally distributed random variables, and M, = max (X;, ---, X,), n = 1, 2,
- -+ . Necessary and sufficient conditions for the existence of sequences of con-
stants {a,} and {b,} such that lim,., P{(M,» — a.)/b. < t} = F(t) should exist
for every real ¢, with F' being a non-degenerate c.d.f., are well known. It is also
known that up to a location or scale parameter, F must have one of the following

three forms:

Fi(t,\) =0, t =0,
= exp —A %, t>0;
(1.1) Fy(t, \) = exp —A(—1)7, t =0,
=1, : t>0;
Fs(t, \) = exp [—A(exp —1)], —0 << ®;

\ being a positive constant, [3]. (In deference to a long-established usage, we
wish to point out that the usual notations for Fy , F,, Fs are ®,, ¥, , and A re-
spectively.)

The purpose of this paper is to study the stochastic processes, Y (¢), which
are in a natural sense the “limits,” as n — «, of the processes

Yn(t) = (M[tn]+l - am)/bn, O é t < o0,

(A study of the passage to the limit is given in the following paper by John
Lamperti, [4].) The “limiting” process, Y (¢), will be defined rigorously in Sec-
tion 3. There are, of course, three possible processes, according to whether the
X ’s belong to the “laws of attraction” F, Fy, or F; respectively. We will refer
to these processes as extremal processes of types 1, 2, 3.

Extremal processes bear a natural analogy with stable processes. Thus, sup-
pose that Uy, Uz, -- - is a sequence of independent and identically distributed
random variables, S, = Ui+ -+ + U,,n = 1,2, ---, and {c,} and {d,.} are
sequences of constants such that {(S. — ¢.)/d.} converges in law to a non-
degenerate distribution, which is necessarily a distribution of stable type. Then

if we define a process

IIA

Zn(t) = (S[ln] - Cn)/dn’ 0 1 < o,
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