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1. Introduction. In this paper we continue the work of [6] and [7] by studying
renewal theory in the case of an absolutely continuous component.

Let u be a probability measure on the Borel subsets of the reals R, let u™
denote the n-fold convolution of u with itself and set v = D_o u‘™. We assume
throughout this paper that some u™ has a non-trivial absolutely continuous
component. If v assigns measure to bounded intervals, this is equivalent to the
assumption that » has a non-trivial absolutely continuous component. Our
main goal is to write-v = »" 4 ", where »" is absolutely continuous and its
density has the proper tail behavior for a renewal density, and »” is a finite
measure and has the same tail behavior as u.

To this end we can find an ng and probability measures ¢ and ¢’ such that u'"®
= (¢ + ¢')/2, ¢ has compact support, is absolutely continuous and has a twice
continuously differentiable density. Set »” = Do 1™, Let i denote the charac-
teristic function of p and let the characteristic functions of the other finite
measures be denoted similarly. Also set 5 = (1 — 2) " and 5" = (1 — 4"

Now 5" = 1 4 4"5"” and 4™ = (¢ + ¢')/2, from which it follows that
o= (1= 307+ ).

Thus

ot = (LA h e BT 2T

(L4 a4+ -+ 20 = 8D+ 37).

. ’ ”
Correspondingly, v = v + v, where

A=Y
I

Vo= (T 4 ™) e (200 (0727
and v’ = 3¢ *v” %", x denoting convolution. Note that v" has total measure 2n,
and essentially the same tail behavior as p(to be made more precise below),
and that »" is absolutely continuous and has a continuous density p.

Suppose that u has a finite positive first moment u; = f:cu(da'). Then p¢
has first moment nou, and the renewal theorem of Blackwell (1] asserts that if [
is a bounded interval with length 17|, then »” (I) is finite,

liMee—w v (z + I) = 0 and lim,.yn v"(z + 1) = [I|/nou .
Since ¢ has compact support and a continuous density, it follows easily that

limee_e p(z) = 0 and limz.w p(z) = Ly .
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