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1. Introduction. Suppose that X' = (X, X,, -+, X,) is a random vector
with a multivariate normal distribution with expected value vector
(&, &, -+, &) and variance-covariance matrix V.

The object of this paper is to give unified derivations of a number of series
representations of the distributions of quadratic forms

QX) = Q(Xy, ,X,) = XAX = 20 2 G auXiX;

where A is a real symmetric matrix.

The representations are all known, but the method of derivation presented here
differs from earlier methods, sometimes slightly, sometimes substantially. We also
give recurrence relationships for calculating coefficients of the series which are, in
some cases, simpler than those heretofore available. Further we obtain a number
of new bounds for errors committed in truncating the various series.

The cumulative distribution function of Q(X) is

(1) Pr[Q(X) = y].

By performing suitable linear transformations, (see, e.g. [9]), (1) can be shown
to be equal to

(2) Pr2 i aiZ: + 8:)° £ 9]

where Z /s are independent unit normal variables, and a1 = @ 2 a5 -+ 2 an
are the eigenvalues of VA. The 6,’s are the same functions of the £/s as the Z,’s

are of the X/’s.
In the special (central or homogeneous) case when & = & = -+ = & = 0,
all 8s are also equal to zero and (2) becomes:

(3) Pr(XimaiZi < yl.
We will denote the cumulative distribution functions (2) and (3) by
F”(al!a2’ )an;61)827 ,6,,,:(/) = Fn((!,fl,y)

and G,(e, y) respectively. The corresponding densities will be denoted by lower
case letters. Thus ¢,(1, 1, --+, 1;y) = ¢.(1; y) is the probability density of a
central x” with n degrees of freedom; while f,(1; «; %) corresponds to a noncentral

Received 8 July 1966; revised 2 December 1966.

1 Supported by the Air Force Office of Scientific Research, Grant AF-AFOSR-1009-66.
2 Supported by the Air Force Office of Scientific Research, Grant AF-AFOSR-760-65.
¢ Supported by the Air Force Office of Scientific Research, Grant AF-AFOSR-1009-66.

823

0/]
Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to éﬁ )22
The Annals of Mathematical Statistics. FIEGIE ®

o

WWww.jstor.org



