THE CONDITIONAL LEVEL OF STUDENT’S ¢ TEST!

By L. BrownN

Cornell University

1. Introduction. Buehler and Fedderson (1963) considered the conditional
significance level of Student’s two-sided {-test and the coverage of the related
confidence intervals. They conditioned on a subset of the form |%|/s < ¢ and
found in one special case (n = 2, « = .5) that for any values of o and ¢” the con-
ditional level of the ¢-test that the population mean is po is smaller than the uncon-
ditional level. In fact it is strictly smaller than a constanta < a = .5. (Forc¢ = %
they were able to choose a = .482). Hence the conditional confidence coefficient
of the confidence interval procedure is greater than 1 — a > .5.

In this note we will show that similar results are valid for Student’s two sided
t-test at all levels and for all sample sizes, n = 2. Also we show that the disparity
between the conditional and unconditional levels is larger than was previously
assumed. For example, in the case n = 2, @ = .5 we show that the conditional
probability of acceptance given |Z|/s < tan /8 = 2! 4 1 is bounded helow by 3.

In view of the well known optimum properties of the ¢-test it is not clear that
the results of this note can possibly lead to any practically useful new procedures.
(It is not even clear that any remotely reasonable test procedures exist for this
problem which do not have conditional properties similar to those described
here.)

We hope that these results about the ¢-test will help add to the general knowl-
edge concerning its characteristics. In particular, let us point out that these
results are somewhat related to the fact that the usual invariant estimator of ¢
is inadmissible (see Brown (to appear)). However it would appear that, if any-
thing, these results concerning tests depend more strongly on normality than do
the results for estimation.

2. Statement and proof of the main theorem. Let X;, X,, -+, Xn,n 2 2,
be. independent normal random variables with mean p and variance o Let
g=n"2 rax;and & = n' Qi (z; — £)°. Let the (unconditional) rejection
region for testing u = wo be of the form K = {&, s:| — wo|/s > k}. Then the
level of significance, « = Pr (K | w , o), is independent of ¢°. Let the “condition-
ing” set be C = {Z, s:|%|/s = ¢}.

TuaeoreM. Suppose ¢ > k/[(1 + k) — 1]. Then there is a constant a < o such
that Pr {K |(Z, s) € C, po, o} £ a < aforall w, a.

Proor. Since K and C depend only on the ratios #/s and u/s, and /o,
Pr{K|(%, s) € C, uo, o} is a function of the parameters only through the ratio
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