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1. Introduction. The Blackwell-Girshick utility axioms [1], pp. 104-110,
apply a preference-indifference relation < (“is not preferred to”’) to the set ®; of
all discrete probability distributions defined on a set of consequences X. More
precisely, with reference to a o-algebra on X that contains {x} for each z ¢ X, ®; is
the set of all countably additive measures on the o-algebra such that P(4) = 1
for some countable set A in the o-algebra. The first purpose of this paper is to
show that the Blackwell-Girshick utility theorem, which can be viewed as an ex-
tension of the standard von Neumann-Morgenstern result [3], can be obtained
even on weakening their (B-G) denumerable “sure-thing” axiom. The second
purpose is to show that versions of the new axiom, which is related to Savage’s
P7 [2], p. 77, can be used in deriving the expected-utility property for other sets
of probability measures on X, including general s-additive measures and finitely-
additive measures. Bounded utilities result in all cases considered except for the
case where all distributions are simple.

2. The von Neumann-Morgenstern theory. The von Neumann-Morgenstern
expected-utility theory serves as the base of our discussion.

Leta = (1 — a) when a ¢ [0, 1]. An abstract convezx setisaset ® = {P,Q, R, - -}
and an operation aP + a@ associating an element of ® with each fraction in
[0, 1] and each ordered pair of elements of ®, such that if P, @, R ¢ ® and
a, B [0, 1] then

1. 1P 4+ 0Q = P,

2. aP + aQ = aQ + oP,

3. a(BP + BQ) + aQ = oBP + (1 — aB)Q.

With < a binary relation on @, let P < @ & [P £ @ and not Q@ < P], and
P~ Q<[P £ Qand @ < P). < on @ is a weak order if it is transitive and strongly
connected (P, Qe® =P < QorQ < P).

The following axioms and theorem (proofs in [3], Appendix, and [2], Chapter 5)
form the core of the theory. In all cases P, Q, R ¢ ®.

Axiom 0. ®@ is an abstract convex set.

Axiom 1. < on ® 7s a weak order.

Axiom 2. [P ~ (X)Q, ac (0,1)] = oP + aR ~ (X )o@ + aR.

AxioM 3. [P < Q, Q< R] = aoP + aR < Q and Q@ < BP + BR for some
a, Be(0,1).

TuaEOREM 1. [Azioms 0, 1, 2, 3] = there is a real function uw on @ such thatif
P,Q e ®and a € [0, 1] then

(1) w(P) = u(Q) &P <@,
(2) u(aP + aQ) = au(P) + au(Q).
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