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THE ASYMPTOTIC ERROR OF ITERATIONS!

By PerER FRANK
Syracuse University

0. Iterative methods appear in many mathematical investigations. The
theorem concerning contraction mappings is a well known fact about iterations;
it is useful for existence theorems and for estimates of error in numerical work.
This paper investigates iterative processes in the presence of random errors;
it is shown that these errors stabilize.

In Section one, a general theorem is formulated and proven for the case the
basic space is the real numbers. In Section two, the theorem is generalized to
Banach spaces. In Section three, connections with Markov processes and non-
linear integral equations are pointed out. )

1. In the statement and proof of the following theorem, we use the notation
|lz|| instead of |z| to anticipate the generalization to Banach spaces.

TarorREM 1. Let

(a) T(x) be a real function of a real variable satisfying

(1) IT(z) — Ty < K ||z — yl|, forall z and y, where K < 1;

(b) [e]i=1 be a sequence of independent and identically distributed random vari-
ables with E(||ei]|) < «;

(¢) [6:)i=1 be a sequence of random variables with D i—y K™ ||| converging to
zero tn probability (or, equivalently, in distribution);

(d) the sequence [D,(X)]n= be defined by the following relations for each random
variable X :

(2) Dy(X) = X,
D,(X) = T[Dpa(X)] + e&n + 8, for n = 1.

Under these conditions, the random variables D,(X) converge in distribution; the
limiting distribution 1s determined by the function T and the common distribution
of the random variables e; and thus does not depend on X and the random variables §; .

In the proof of the theorem, the following lemma, is needed.

Lemma. Let Xy, -+ , Xn, - - - be a sequence of random variables with E(|X,|) =
H < . Let K be a real number with |K| < 1. Then the series ) ney K"X, con-

verges absolutely almost everywhere.
Proor. This follows directly from the inequalities:

E(D nalK"X,|) £ 2 WalK|"H < |K|-H/(1 — |K|) for every N.

Proor or TaE THEOREM. The case with 6, ## 0 can be reduced to the case
8, = 0 as follows: Define C,(X) by
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