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PROBABILISTIC FUNCTIONS OF FINITE STATE MARKOV CHAINS

By T. PeTRIE
The Institute for Defense Analysis

0. Introduction. This paper is statistically motivated; the content mathe-
matical. The motivation is this: Given is an s X s ergodic stochastic matrix
A = ((ai;)) and an s X r stochastic matrix B = ((b;z)). A generates a stationary
Markov process {W,} according to a;; = P[W.u = 7| W; = 4] and B generates
a process { Y} described by P[Y; = k| Wit = j] = bj, . If R is the set of integers
1,2 ---r, R, = R,and R° = [ R: (a point Y & R® has coordinates Y,),
then the matrices A and B define a measure P4, 5 on R” by

(0.1) P(A,B){Yl = kl, Yz = kz e Yn = k,,f
= D i sines MigQigiyDiyk Giyigbisks *** Bin_yinDigkn

where 8 = {1, ---, 8} and {a;,} is the stationary absolute distribution for A4,
and k; & R. The resulting process {¥} is called a probabilistic function of the
Markov process {W}. Let A; be the space of s X s ergodic stochastic matrices,
A; be the space of s X s stochastic matrices, A, the space of s X r stochastic
matrices, IT = A; x A,and I = A; x A,.The above associatestor = (4, B) ¢ II
and the stationary vector a for A a stationary measure P, on R”. We write
P.(Y,,Y,---Y,) for that function on R” whose valueat Vi = ky, -+ ¥V, = k,
is given by (0.1) if = = (4, B).

We also find it necessary to introduce R_,, = II;,—R; and define the measure
Pupy on R wby Pupy (Yo =Fkon, Yooy =Fkpp, - Yo= ko) = P4,p
(Yl = k—n; Y, = k—-n+1, ce Yn+1 = ko)

The problem: Fix m £ II and let a sample Y, Y, - - - Y, be generated according
to the distribution P,,. From the sample Y;, Y; --- Y, obtain estimators
6,(Y) of m so that 6,(Y) — m a.e. P,, . Throughout this paper = is fixed and
« varies in II.

The mathematics: Chapter I (Classification of Equivalent Processes) demon-
strates that the problem has a solution in the following sense: Let M[m) =
{r el | P, = P,, as measures on R"}. Clearly the points of M[m] can’t be dis-
tinguished by any finite or infinite sample. The description of M[m] is crucial
in our study. Let &g be the group of permutations of the integers 1 through s.
Sg acts on 1T by G'(A, B) = (O'A, O'B), (G'A)ij = Qo(i),0(i) » (O’B)jk = b,(j)k for
o € S5 . Observe that P,, = P, as measures on R”.

The subset D ;-3 ai; = 1, a;; = 0, is part of an s — 1 dimensional hyperplane
in Euclidean s space and has finite non zero (s — 1)-dimensional Lebesgue
measure d¢._;) ; similarly the set > = b = 1, bse = 0, has (r — 1)-dimensional
Lebesgue measure A,_1y # 0. It follows that II with the product measure has
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