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1. Introduction. Let X, -+, X,» and Yy, -+, Y, be independent samples
from the same continuous distribution. Let Ry; (z = 1, 2, - - - , m) be the rank of
X in the combined sample (N = m + n), and define
Z; =2y =1 if the 7th element of the combined ordered sample is an X ob-
servation
=0 otherwise.

Let AV = (a{¥) be a sequence of symmetric matrices. We find conditions under
which a statistic of the form

(1'1) SN = Z:’”=1 Z;!;l al(ilgf);,RNj = Ity=1 ?Ll aif\,’)Z@Z,

converges in distribution as N — o and mn™ — A, 0 < A < 1.

Several examples of non-parametric test statistics of the form (1.1) can be
found in the literature. In fact, any two-sided symmetric test based on a linear
rank statistic is trivially equivalent to a test of the form Sy = C. More interest-
ing examples arise in the area of non-parametric statistics for circular distribu-
tions. Wheeler and Watson [6] proposed a two-sample non-parametric test for
circular distributions of the form (1.1), which is related to the usual parametric
test (likelihood ratio test for the class of v. Mises distributions) in much the
same way as the Wilcoxon test is related to the two-sample i-test. The author
[4] found that in detecting rotation alternatives for circular distributions a locally
most powerful invariant test under a suitable group of transformations is based
on a statistic of the form (1.1). Matthes and Truax [2] obtained a test statistic
related to (1.1) when deriving locally most powerful invariant tests for two-sided
shift alternatives.

2. Step function representation. Degenerate and non-degenerate limit func-
tions. Let hx(- , -) be a step function on the unit square, which is constant on
subsquares of the form (1 — 1)/N < z = ¢/N, (j — 1)/N < y = j/N and whichis
symmetric, i.e., by (@, ¥) = hy(y, z). If we set hy(i/N, j/N) = a then ob-
viously every statistic of the form (1.1) can be written as

(2.1) Sy = 2 71D 7 hy(Ryi/N, Ry;/N) = i 25= by (i/N, j/N)Z:Z;
and vice versa. Since conditions on covergence can be stated more easily in terms

of sequences {hy} we will use representation (2.1) in the sequel.
Assume that there exists a function A (- , -) such that hy — h in Ly(I*), i.e.,
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