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AN APPROXIMATION TO THE BINOMIAL SUMMATION
By G. F. CraMER
Washington, D. C.

We consider the binomial expansion (¢ + p)", where ¢ = 1 — pand n is a
positive integer. For given values of n, p, r, and s, where np < r < s < n,
we are often interested in the probability P(r < z < s) that the number of suc-
cesses x will satisfy r < z < s.

‘When 7 does not exceed 50, we can use tables of the Incomplete Beta Function,
or other convenient and accurate tables. For “large” values of n, we can use
normal tables. When p is “small”’, we can use Poisson tables. However, it is
often true that p is fairly small, and yet not small enough to give really accurate
results when Poisson tables are employed in the usual way, while n is too large
for use of the tables of the Incomplete Beta Function and yet too small for ac-
cnrate use of normal tables.

It frequently happens that an upper bound for P(r < z < s) would serve our
purpose. We propose to show how to find this from Poisson tables with greater
accuracy than could be obtained by using these tables in the ordinary way.

We shall denote the general term of the binomial expansion by B; = (})p'q™™*
and the general term of the corresponding Poisson distribution with the same
value of p by P; = (pn)'e ?"/i!. We shall also consider a second Poisson dis-
triiution whosc general term is given by Pi = (p'n)'¢ ®'"/i!, where p’ % p
will be determined later.

We shall use the following notations:

(1) Ui = Biya/Bi = (n — 9)(p)/( + 1)(1 — p);
(2) Vi= Pi./Pi = pn/( + 1);

3) Vi = Piw/P; = p'n/( + 1);

(4) Ui—Vi=plnp — /¢ + 1)1 — p).

From (4) wo obtain at once the following:

LemMma L. 1> Vior U; < V;according asi < np or ¢ > np.

Thus, the sze of the general term of the binomial expansion falls off more
steeply to the right of # = np than does that of the general Poisson term.
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