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AN EXTENSION OF THE BOREL-CANTELLI LEMMA

By StaniLEy W. Nasu
University of British Columbia

1. Introduction. Consider a probability space (2, &, P) and a sequence of
events {A,}, A, ¢ F,n = 1,2, --- . The upper limiting set of the sequence is
defined to be

lim sup 4, = N U 4,.

n—ow k>n A=l kemn
It is the event that infinitely many of the A, occur. The purpose of this paper is
to find necessary and sufficient conditions for P(lim sup 4.) = 1.

The general problem of finding the probability of an infinite number of a
sequence of events occurring was considered by Borel [1], [2] and Cantelli [3].
In what follows we shall use the following notations. Let a, = I(4,), the indi-
cator of the event A, (or characteristic function of the set 4,), that is

1 when A, occurs
Op =
0 when A, fails to occur.

Let P(A, | ais -+ - as—y) denote the conditional probability of the event A, ,
given the outcomes of the previous n — 1 trials. When n = 1, the expression is
taken to represent the unconditional probability P(4,). The 1912 Borel criterion
stated:
If0 < pp < P(An| a0z -+ - any) < pn < 1 for every n, whatever be a1,
Qg, c, Ono1, then D sy pj < o implies that P(lim sup 4.) = 0, and
2.1p; = o implies that P(lim sup 4,) = 1.
Cantelli proved that > 31 P(4;) < o always implies that P(lim sup 4.) = 0.
Paul Lévy [4] clarified the general problem by proving the following theorem.
The subset K (or K’) of the sample space Q for which

D miPAjlaas + -+ ajq) < o (or =w)

and the subset H (or H') of @ for which lim sup A, fails to occur (or occurs)
differ at most by a set of probability 0. In other words P(KH’) = P(K'H) = 0
and P(KH) + P(K'H’) = 1. The hypothesis of the theorem proved in the next
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