ASYMPTOTIC THEORY FOR PRINCIPAL COMPONENT ANALYSIS!
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0. Summary. The asymptotic distribution of the characteristic roots and
(normalized) vectors of a sample covariance matrix is given when the obser-
vations are from a multivariate normal distribution whose covariance matrix has
characteristic roots of arbitrary multiplicity. The elements of each characteristic
vector are the coefficients of a principal component (with sum of squares of
coefficients being unity), and the corresponding characteristic root is the variance
of the principal component. Tests of hypotheses of equality of population roots
are treated, and confidence intervals for assumed equal roots are given; these are
useful in assessing the importance of principal components. A similar study for
correlation matrices is considered.

1. Introduction. Let # be a p-component random vector? with mean vector

& = u and covariance matrix §(@ — u)(xz — u)’ = = (where the prime denotes
the transpose of the vector). The variance of a linear combination v’z is
(11) &(vz — &'2)" = eiy'(@ — w)) = &'(z — w)(z — w)'y = ¥'Zv.
The linear combination normalized by vy = 1 which has maximum variance
may be called the first principal component of z. The linear combination un-
correlated with the first principal component and similarly normalized which
has maximum variance may be called the second principal component. The other
p — 2 principal components are similarly defined. (See [2], Chapter 11, for more
detail; Hotelling [9] developed much of the theory.)

To give these linear combinations precisely we use the characteristic roots
and vectors of Z. Let 8 = --- = §, > 0 be the p characteristic roots of = (as-
sumed to be positive definite). They are the roots of

(1.2) |2 — éI] = 0.

Let y1, -+, v, be the corresponding normalized characteristic vectors; they
satisfy

(1.3) v = 874,

(1.4) vivi = 1.
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purpose of the United States Government. Some of the research in this paper was con-
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2 Latin letters denote random variables and running variables, and Greek letters denote
parameters. Scalars and vectors are indicated by lower case letters, and matrices are indi-
cated by capital letters. To the extent of convenience the estimate of a parameter is indi-
cated by a Latin letter corresponding to the Greek letter for the parameter.
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