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1. Introduction. Let (2, ¥, P) be a probability space, let 2;, x5, --- be a
sequence of random variables on @, and let &, be the s-algebra generated by
Zi, -, Tn, with F = (¢, Q). A stopping variable (of the sequence 1, s, - - -)
is a random variable ¢ on @ with positive integer values such that the event
[t = n]eF, for every n = l.iLet S, = D7 a;;then S, = Suw(w) = D12
is a randomly stopped sum. We shall always assume that

(1) Elz,| < =, E(%n41|Fa) = 0, (nz1).

The moments of S; have been investigated since the advent of Sequential
Analysis, beginning with Wald [9], whose theorem states that for independent,
identically distributed (iid) x; with Ex; = 0, Et < o implies that ES; = 0. For
higher moments of S;, the known results [1, 3, 4, 5, 10] are not entirely satis-
factory. We shall obtain theorems for ES,” (r = 2, 3, 4); the case r = 2 is of
special interest in applications. For iid z; with Exz; = 0 and Bz = ¢* < «, we
shall show that Bt < « implies ES;® = ¢ El.

2. The second moment. It follows from assumption (1) that (S, , F, ;n = 1)
is a martingale; i.e., that
(2) E|S. < w,  E(Su1|Fn) = Sa (n = 1).

The following well-known fact ([3], p. 302) will be stated as
LeEmMmaA 1. Let (8,,F. ; n = 1) be a martingale and let t be any stopping variable
such that

3) EIS) < ©,  liminf [(om [S.] = 0;
then
(4:) E(St,gn) =8, if t=n (n > 1)’

and hence ES, = ES; .
LemMa 2. If ED i |a] < o, then (3) holds.
Proor. |S,] £ D1 Iz, so that E|S,] < e, and
lim f[t>n] !Snl § lim f'[¢>n] Z{ l(l),l = 0.
In the remainder of this section we shall suppose, in addition to (1) that
(5) Ex,) < (nz=z1)

and we define for n = 1

Received 31 December 1964.
789

[S28 (¢
y
Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to éﬁ%

The Annals of Mathematical Statistics. RIKOIRS ®

WWW.jstor.org



