ON A THEOREM OF CRAMER AND LEADBETTER!
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1. Introduction. In a recent paper [1], Cramér and Leadbetter have given an
integral formula for the kth factorial moment of the number of upcrossings of
the zero level by a stationary Gaussian process in unit time. More specifically,
suppose X (- ) is such a process and that X'(-) exists and has continuous sample
paths. If N is the number of upcrossings of zero by X (- ), there is a positive func-
tion f defined on the unit cube © in k-space and dependent on the joint densities of
X(-) and X'(-) for which EN(N — 1) --- (N — k + 1) = [of du, p Lebesgue
measure. From this result, one may also give expression to the kth factorial
moment of the number of zeros of X(-).

A second fact is established in [1], viz., [ofdu S EN(N — 1) --- (N —k+ 1)
even if X'(-) has discontinuous sample paths. Consequently, the formula still
holds provided f is not integrable. At present, the relationship between (a) f in-
tegrable and (b) X’(-) has continuous sample paths is not known.

In this paper we find for quite general processes, a particular submartingale
(relative to the Lebesgue measure space) sequence {f,} of functions on @ for
which fn lim inff, du £ EN(N — 1) --- (N — k + 1). Under suitable con-
ditions, f, —a.s.fand [ofdu = EN(N — 1) --- (N — k + 1). As a special case,
this is shown to hold for the processes of [1] without the continuity restriction on
X'(-) (to achieve this, X(-) is subjected to a nondegeneracy requirement also
required in [1]).

2. Moments of upcrossings. Let X(-) be a separable stochastic process on the
unit interval. We assume throughout that X (¢) has a continuous distribution for
each ¢ ¢ [0, 1] and that X(-) has continuous sample paths with probability 1.

The number N of upcrossings of zero by the process X () is approximated by
counting those of a polygonal process tied to X(-) at points of the form ¢/ 2",
Specifically, let U,: be the indicator of the event {X[(7 — 1)/2"] < 0 < X (¢/2")}.
Under the above assumptions, ), Uniy -+ Uniyy T N(N — 1) -+ (N — k+ 1)
a.s., where Y’ denotes summation over all appropriatei = (41, - -+ , %) having
distinet entries (cf [1]). Then, according to the monotone convergence theorem,

(1) EN(N —1) -+ (N — k+ 1) = limpe 2. P{X[(s1 — 1)/2]
<0< X3i/2"), -+, Xl(% — 1)/2"] < 0 < X(i/2")}.

We will subsequently consider as an auxiliary probability space the unit cube
Q in k-space, together with the Lebesgue measurable subsets and Lebesgue meas-

Received 19 October 1965; revised 9 February 1966.
1 Research supported in part by the National Science Foundation under Grants G-19645

and G-25211.
682

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to [[& )2
The Annals of Mathematical Statistics. BINORN

WWw.jstor.org



