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CONVERGENCE OF SUMS OF SQUARES OF MARTINGALE
DIFFERENCES'

By Y.<S. Crow

Purdue University

1. Introduction and notation. Let (2, F, P) be a probability space. A stochastic
basis (F,, » = 1) is a monotonically increasing sequence of s-fields of measur-
able sets. A stochastic sequence (y., F., n = 1) consists of a stochastic basis
(F.,n = 1) and a sequence of random variables (¥, , n = 1) such that y, is
F,.-measurable. For a stochastic sequence (2, , F», » = 1), we put (here as
well as in following sections)

20 =0,F = {®,Q,dn = &n — Tag for n 21,8 = (Lo dd)}

¥ = SUpa 1 [a], d* = SUPa 31 |dal, 8§ = liMpes $a ,

and I, = indicator function of set A. If (2, , F.,n = 1) is a martingale, then
(dn, Fn,n = 1) is called a martingale difference sequence. For a given sto-
chastic basis (§., » = 1), a stopping time ¢ is an extended positive integral
valued measurable function such that [{ = n] ¢ &, for each n. For a stopping
time ¢ and a measurable function y, E.y is defined as f[¢<°°] y dP (or [i<a ¥,
in short), if it exists.

Let (2., 2, n = 1) be a martingale. Austin [1] recently proves that
if sups 1 Elz.| < ©,s < « a.e.; also Burkholder [2] proves that if Es < « 2,
converges a.e. and that if sup. 1 Elza] < «, then D ot i di converges a.e.
for every stochastic sequence (¢r, Fx—1, # = 1) for which sup.x1 s <
a.e.; Gundy [8] proves that if (d,, » = 1) is an orthonormal sequence such
that each d, assumes at most two non-zero values with positive probability,
and if the o-field generated by d; , - - - , d. consists of exactly n atoms, such that

inf, 53 min(P[d, > 0], Pld. < 0])/Pld. #~ 0] > 0,

then for every sequence a, of real numbers, Y ay a.> d,° < o if and only if
> e 1 Gn dy cOnverges.

Let (F,,n = 1) be a stochastic basis. If for each n, &, is generated by atoms
of §,, then (F,, n = 1) is said to be atomic. For a o-field § of measurable
sets and A ¢ F, a G-measurable cover of 4 is a set C' ¢ G such that P(A — C) = 0
and that if B ¢ G and P(A — B) = 0, then P(C — B) = 0. For 4 ¢¢, let
C.(A) be the F,-measurable cover of A. If there exists M > 0 such that
PC.(A) £ MPA for every A ¢ Fpu,n = 1,2, ---, then (Fo,n = 1) is
said to be regular.

Let (%, 5., n = 1) be a submartingale and E|z,| < « for each n. If (F,,
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