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Let {X,, #,,n=0,1,2,---} be a martingale with X, =0 as., X,=Y7-, Y,
n =1, and &, the o-field generated by X,, X, -+, X,,. Write

= E(Ynz | ‘q’-n— 1)’ sn2 = Z?=l Eal;29

and suppose that there is a constant 8, with 0 < & < 1, such that E|Y,|>**?* < oo,
n=1,2,---. It is the object of this paper to establish the following theorem on
departure from normality.

THEOREM. There exist finite constants K,, K, depending only on é, such that
sup, [P(X, < 5, X) — ()|
1) <K {s, 2200 E|Y|** P +E |Xi-10)— s,2|LHoyyLe+2D
< Ky{s," 2 (N0 E|Y PP+ E|(Xh- 1 YY) —s, 2| FO)FC*29,

where
O(x) = 2n) " * e du.
Thus, if
©)) lim,.,s, 2" 2y E|Y|**? =0, and
@ lim, - o E|(5, 72 Thes ¥2)—1]+2 =0
or more generally, (2) and
4 lim,,_,wE|(s,,'22';=la,2)—1|1+" =0
then lim,_, , P(X, < s,x) = ®(x), and a bound on the rate of convergence is given by
M.

The interesting feature of this result is the bound on departure from normality.
More general central limit results for martingales are known, under conditions
related to (2), (3) and (4) (see for example Brown [1]), but rates of convergence are
not available.

We note that if Y,, Y,, - are independent, or more generally if 6,2, 0%,
are constants a.s., then 5,”2)7_,0,> =1 as., (4) is trivially true, and the first
bound in (1) assumes a simplified form, since its second term vanishes. The utility
of the second bound in (1) is that it does not depend on the conditioning by the
sequence of o-fields {#,}.

The proof of the theorem is based on a martingale form of the Skorokhod
representation theorem which we state as a lemma in the interests of clarity.
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