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0. Introduction. Price [9] proved by using Dirac é-functions the following two
theorems in a different form.

Tueorem 0.1. If Xy, -, X, have an n-variate normal distribution with unit
variances and if g,*", g, are functions respectively of X,,---, X, admitting
Laplace transforms, then

0 i n 62 n i
0.1) 3 E[ml;[l ym(Xm)]= E[a X, 0%, I1 gm(Am)]

Jk m=1

where o, is the correlation coefficient of X; and X;.

TueoreM 0.2. If (0.1) holds for arbitrary functions g, -, g,, then Xy, -, X,
have an n-variate normal distribution.
For n = 2, McMahon [8] showed that
2

0
E[g(X19X2)] = E[mg(Xl’XZ)]

0.2) dor,
where g is a function of both X, and X,, admitting 2-dimensional Laplace trans-
form. Papoulis [9] generalized (0.2) to the case where | g(xy, x2)| < aexp(x*+x,9,
a >0, o < 2,is required instead of requiring the existence of the Laplace transform.
Brown [1] pointed out that the result and method of Papoulis generalize directly
to higher dimensions, providing certain generalizations of Price’s theorems.

A major motivation in the above-mentioned work lies in obtaining
E[g(X,, ", X,)] for a multivariate normal distribution by solving a partial
differential equation of the kind in (0.2). This method has appeared in books and
papers and has sometimes been used where the theoretical justification is lacking.
Pawula in [7] gives an alternate approach where the covariance matrix is modified
so that each non-diagonal element is multiplied by o, and differentiation is with
respect to a.

Section 1 presents a property of the multivariate normal density function. This
fundamental theorem generalizes the work of Plackett [8]. Section 2 provides a
generalization of Price’s theorem with a rigorous proof and presents some of its
applications as corollaries. Corollary 2.2 uses Price’s theorem as a theoretical tool
to solve a problem that arose in an estimation problem [2]. Characterizations of the
multivariate normal are studied in Section 3, and in Section 4. The relation of
moments to independence, analogous to ‘“‘decorrelations” discussed in Linnik [3],
is studied.
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