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A n o t e  o n  r e c u r r i n g  s e r i e s  

By CHRISTER LECH 

We wish to prove the following theorem, which extends to any field of char- 
acteristic 0 a result, proved by SKOLE~ [4] in the field of rational numbers 
and by MAttLER [2] in the field of algebraic numbers. 

T h e o r e m .  I n  a /ield o/ characteristic 0, let a sequence 

c~ v=0 ,  1 , 2 , . . .  

satis/y a recursion ]ormula o/ the type 

C v ~ O ~ l C ~ , - l + ~ 2 C v - 2 + " "  + O~nCv-n v = n , n + l , n + 2 ,  . . . .  

I /  c~ = 0 /or in/initely many values o/ v, then those c~ that are equal to zero occur 
periodically in the sequence /rom a certain index on. 

I t  will be shown by an example that  the restriction for the characteristic is 
essential (section 6). 

From the theorem can be deduced a characterization of those sequences {c~} 
that  contain 0 (or: any number) an infinity of times (see MAHLER [2]). In 
particular, only a finite number of the c~ can be equal to zero if the quotient of 
two different roots of the equation l = a l t + ~ 2 t 2 + " ' + a n t  ~ is never a root 
of unity. 

SKOLEM and MAHLER used for their proofs a p-adic method, due to SKOLEM 
[3]. Our proof will closely follow that  of MAHLER, and is partly built on it. 

1. A sequence {c~} in any field may be considered as the TAYLOR-coefficients 
of a rational function if it satisfies a. linear recursion formula as above. By 
resolving this rational function into partial fractions it is possible to get an 
explicit expression for the c~. In a field of characteristic 0 we get 

m 
cx = Y~ Af  Pj (x) x = 0, 1, 2 . . . . .  , 

where the Pj (x) are polynomials whose coefficients, together with the Aj, are 
algebraic over the field that  is generated by the c~. Therefore, to prove the 
theorem, it is sufficient to prove the following lemma. 

Lemma. Let the /unction F (x) be defined by 

m 

F (x) = 5 Ay Pj (x), 
1=1 
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