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O n  t h e  u n i f o r m  c o n v e x i t y  o f L  ~ a n d  F 

B y  O L O F  H A N N E R  

CLARKSO~ defined in 1936 the uniformly convex spaces [2]. The uniform con- 
vexit.~ asserts tha t  there is a function ~ (~) of s > 0 such tha t  11 x 1] = 1, tl Y ]1 = 1, 
and [Ix - y II => e imply II ~ (x + y)II =< 1 - 6 (e), where x and y are elements of the 
space. CLARKSO~ proved tha t  the well-known spaces L ~ and 1 ~ are uniformly 
convex if p >  1. The purpose of this note is to give the best  possible function 
(~(e) for these spaces, i.e. to find for each p > l  and s > 0  

 n'(1 
reader the conditions ]] x I] = 1,  II y II = 1, II ~ -  y II =>*. We need two inequalities, 
which are given in Theorem 1, formula (1). I have been informed tha t  the 
left-hand side inequality of this formula was proved by  B~tmLI~O at a seminar 
in Uppsala  in 1945, but  it does not seem to be in print.  The r ight-hand side 
inequality is proved by CLARKSON ([2] p. 400) and BoAs ([1] p. 305) .  We give 
here a reconstruction of BEVRLINO'S proof and also for completeness a simple 
proof of the other inequality. 

Let  the functions in L ~ be defined over 0 < t < l .  The norm of x = x ( t )  is 
then given by  

1 

I1~11~= flz(t)l~'dt. 
o 

I n  1 v the norm of x = @ l ,  x~ . . . .  ) is given by  

j l x r =  ix, t 
t = l  

T h e o r e m  1. For p > 2 the /ollowing inequalities hold 

(HxH- t - I l y lD~+l l l x l l - l t y l l l p~ l l x+y l lp+ l l x - yHV~211x l lp+211y[ I  ~. (1) 

For 1 < p < 2 these inequalities hold in the reverse sense. 
The equality sign holds [or L p [[or I p] in the le.{t-hand side of (1) q and only 

i/  x=O, or y=O, or there is a number a>O such that ( x ( t ) - a y ( t ) ) ( x ( t ) +  
+ a y ( t ) ) = O  /or almost every t [such that (x i -ay~) (x~+ayi )=O /or every i], and 
in the right-hand side o/ (1) i/ and only i / x ( t ) y ( t ) = 0 / o r  almost every t[x~y~=O 
/or every i]. 
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