
Acta Math., 184 (2000), 1-39 
(~) 2000 by Institut Mittag-Leffier. All rights reserved 

Mirror symmetry and toric degenerations 
of partial flag manifolds 

VICTOR V. BATYREV 

Eberhard-Karls-Universitiit Tiibingen 
Ti~bingen, Germany 

BUMSIG KIM 

Pohang University of Science and Technology 
Pohang, The Republic of Korea 

by 

and 

IONUT CIOCAN-FONTANINE 

Northwestern University 
Evanston, IL, U.S.A. 

DUCO VAN STRATEN 

Johannes Gutenberg~Universitiit Mainz 
Mainz, Germany 

C o n t e n t s  

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 
2. Toric varieties associated with part ial  flag manifolds . . . . . . . . .  3 

2.1. The graph F ( n l , . . . , n l , n )  . . . . . . . . . . . . . . . . . . . . . .  3 

2.2. The toric variety P ( n l ,  . . . , n z , n )  . . . . . . . . . . . . . . . . . .  7 

3. Further properties of P ( n l ,  . . . , n l , n )  . . . . . . . . . . . . . . . . . . .  11 
3.1. Singular locus . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  11 
3.2. Canonical flat smoothing . . . . . . . . . . . . . . . . . . . . . .  13 

4. Quantum differential systems . . . . . . . . . . . . . . . . . . . . . . .  20 
4.1. Quantum :D-module . . . . . . . . . . . . . . . . . . . . . . . . . .  20 
4.2. Complete intersections . . . . . . . . . . . . . . . . . . . . . . . .  22 

5. The mirror construction . . . . . . . . . . . . . . . . . . . . . . . . . .  24 
5.1. Hypergeometric solutions for part ial  flag manifolds . . . . . .  24 
5.2. Calabi-Yau complete intersections in F ( n l ,  ..., n~, n )  . . . . . .  30 
5.3. List of Calabi-Yau complete-intersection 3-folds . . . . . . . .  33 

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  38 

1. I n t r o d u c t i o n  

Using  combina to r i a l  dua l i t i es  for reflexive p o l y h e d r a  and  Gorens t e in  cones toge the r  wi th  

the  t h e o r y  of genera l ized  G K Z - h y p e r g e o m e t r i c  funct ions,  one can ex t end  the  ca lcu la t ion  

of t he  number  n d  of r a t iona l  curves of degree d on the  generic quint ic  th reefo ld  in p 4  

by  Candelas ,  de la Ossa,  Green  and Parkes  [10] to  the  case of C a l a b i - Y a u  comple te  

in tersec t ions  in tor ic  var ie t ies  [3], [4], [7], [9]. 


