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1. Introduction

We characterize the class of measurable functions (or, more generally, real- or complex-
valued distributions) V' such that the Schrédinger operator H=~A+V maps the energy
space zé(R") to its dual L;'(R™). Similar results are obtained for the inhomogeneous
Sobolev space W1(R™). In other words, we give a complete solution to the problem
of the relative form-boundedness of the potential energy operator V with respect to
the Laplacian —A, which is fundamental to quantum mechanics. Relative compactness
criteria for the corresponding quadratic forms are established as well. We also give
analogous boundedness and compactness criteria for Sobolev spaces on domains QCR"™
under mild restrictions on J€Q.

One of the main goals of the present paper is to give necessary and sufficient condi-
tions for the classical inequality
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to hold. Here the “indefinite weight” V may change sign, or even be a complex-valued
distribution on R", n>3. (In the latter case, the left-hand side of (1.1) is understood as
[{Vu,u)|, where (V-,-) is the quadratic form associated with the corresponding multipli-
cation operator V.) We also characterize an analogous inequality for the inhomogeneous
Sobolev space W3 (R"), n>1:
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