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L e t  Q be a (Noether ian)  local r ing wi th  m a x i m a l  idea l  m, and  le t  p be a p r ime  

ideal  in Q such t h a t  d im p + r ank  p = d im Q. Serre showed,  using homologica l  means ,  

t h a t  if Q is regular ,  t hen  the  local  r ing  Q, is also regula r  ([8], Theorem 5, p. 186). 

U n d e r  a special  a s sumpt ion  N a g a t a  ob t a ined  w h a t  migh t  be considered a qua n t i t a t i ve  

extens ion  of th is  resul t .  He  p roved  t h a t  if p is ana ly t i ca l l y  unramif ied ,  t hen  the  mul-  

t ip l i c i ty  of p is no t  larger  t h a n  t h a t  of 1It ([5], Theorem 10, p. 221). I n  the  p resen t  

p a p e r  i t  will be shown t h a t  unde r  a s l ight ly  di f ferent  special  a s sumpt ion  much  more  

can be said.  I n  fact ,  under  t h a t  a s sumpt ion  there  holds an  i nequa l i t y  be tween  cer ta in  

sum- t rans forms  of the  t t i l b e r t  funct ions  of p and  of 11t. One seems free to  bel ieve 

t h a t  a s imilar  inequa l i ty  would  hold t rue  also in the  genera l  case. To prove  this  i t  

would  suffice to p rove  an  analogous s t a t e m e n t  concerning f la t  couples of local rings.  

We shall  ac tua l ly  der ive  a theorem which impl ies  a pa r t i cu l a r  ins tance  of t h a t  s ta te -  

ment .  As a consequence we ob t a in  a genera l iza t ion  and  a new proof  of Serre 's  resul t .  

I n t roduc ing  a na tu r a l  measure  of how much  a local r ing  dev ia tes  f rom being regular ,  

we prove  t h a t  Q~ is no t  more  i r regular  t h a n  Q. Our  me thods  of proof  are  non-homo-  

logical in the  sense t h a t  t h e y  do no t  involve  a n y  homological  resolut ions.  

W e  shall  now descr ibe  our  resul ts  more closely.(1) 

L e t  Q be a local r ing wi th  m a x i m a l  idea l  11t. F o r  each non-nega t ive  in teger  n, 

define H(m;  n) as the  length  of the  Q-module lrtn/irt n+l. P u t  

(1) The necessary facts about local rings can be found in Nagata's book [6], where however the 
terminology is different in some respects. In particular the concepts which we have called rank and 
dimension of an ideal and dimension of a ring, are termed height and depth of an ideal and altitude 
of a ring. Concerning flatness, which is dealt with in the Sections 18 and 19 of the book, of. e.g. the 
appendix of [4]. 


