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~-~ n ~ e  i l  X I f a B a n a c h s p a c e h a s a S c h a u d e r b a s i s  fl, t hen  fiK SUp~,~ll~i=l i h/H /[ exists, 
where x = ~i~=la~d. Inf/?K t aken  over  all fi is called the basis cons tant  of the 
Banach  space. I t  is obvious tha t  if  the  Banach  space B has the  basis cons tant  p,  
then  every  f in i te-dimensional  snbspace C of B can be app rox ima ted  b y  subspaces 
D,  of B - by  approx imat ing  a set of basis vectors  of C wi th  vectors  of  f ini te  
expansions in some basis - such t h a t  each Dn can be embedded  into a f ini te-  
dimensional  subspace E~ of B, onto  which there  is a pro jec t ion  f rom B of no rm 
arb i t ra r i ly  close to p. 

In  this paper  we cons t ruc t  a separable inf ini te-dimensionM Ban aeh  space B 
with a two-dimensional  subspace C 1 with the  following propert ies:  There  is a 
p > 1 such tha t ,  i f  D is a two-dimensional  subspace of  B suff ic ient ly  close to 
C 1 and  E is a f in i te-dimensional  subspaee of  B containing D, then  there  is no 
projec t ion  f rom B onto E of  norm ~ p. Thus  the basis cons tan t  of  this 13anach 
space is > p.  This seems to be b y  now the  s t rongest  resul t  in negat ive  direct ion 
on the well-known basis problem. The  previous ly  s t rongest  resul t  seems to be 
Gurari i ' s  example  of a Banach  space where fiK > 1 for eve ry  ft. (See Singer [1] 
pp. 218--42.)  

We now s tar t  b y  giving a general  and s o m e w h a t  u npreeise descr ipt ion of  the  
ideas behind the  cons t ruc t ion  and of  the problems we meet .  We consider a two- 
dimensional  subspace C 1 of l~(F),  where F is the  set of pairs of posi t ive integers.  
We assume tha t  the  projec t ion  cons tant  of C 1 is > 1. Now our  f i rs t  ambi t ion  will 
be to  embed  C1 in a larger space El,  such t h a t  there  is no projec t ion  of no rm 
close to 1 f rom E I onto  spaces close to  C 1 and  such t h a t  no subspaee C 2 of  E1 
containing a subspace of  E1 suff ic ient ly  close to C 1 has a pro jec t ion  cons tant  
near  to 1. However ,  if  we t r y  to do this we have  to get control  of  quite  m a n y  l inear  
spaces. In  order  to describe how we obta in  the  necessary  simplifications,  we give 
now a descript ion of  the  way  we es t imate  norms  of  project ions.  


