
Ark. Mat., 38 (2000), 93-96 
@ 2000 by Institut Mittag-Leffler. All rights reserved 

On Grhchenig, Heil, and Walnut's proof 
of the local three squares theorem 

Kristian Seip 

It is plain that  the positive (and nontrivial) part of Theorem 5.1 of the preced- 
ing paper by K. Grhchenig, C. Heil, and D. Walnut [1] is equivalent to the following 
theorem. (We keep the notation from [1] with the following slight exception: #k de- 
notes the characteristic function of the interval [-rk,  rk], and uk is the characteristic 
function of the d-dimensional cube [-rk,  rk]d.) 

T h e o r e m .  Suppose 0 < r l  <r2 and rl/r2 ~Q, and set R=rl+r2 .  Then the set 
of functions of the form (g1#1)*#2 + # l *  (g2#2), with gl, g2 E L ~ ( - R ,  R), is dense 
in L 2 ( -  R, R). 

This observation underlies the proof of Theorem 5.1 of [1]. Below I will give a 
more direct proof of the theorem just stated. A d-dimensional extension, equivalent 
to the local three "squares" theorem in dimension d>  1 (cf. Theorem 6.1 of [tl) , will 
be obtained as a corollary of this theorem. 

Pro@ It is enough to consider linear combinations of (g~ttl)*#2, with g~(t)= 
e i~kt/~l , and #~*(g2#2), with 92(t)=e i'~kt/~2, k denoting an arbitrary integer. Tak- 
ing Fourier transforms, we see that  the question is whether the linear span of the 
functions 

a ( t )  
t ( t -Aj ,  k)'  

with ar and G(t)=sin(27crjt)sin(27cr2t), is dense in the Pale~Wiener  
space PW2R. This is answered in two steps. 

First we prove that  G(t) / t  belongs to the closed span of these functions: Choos- 
ing ak>O such that ~ k  ak 1 and 2 ~'~k ak--e, we obtain 

/ G(t) a~&l,kG(t) 2 / R  akG(t) 2 dt < 2rlTr2c, 


