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Inclusion relations among methods of sulnmability com- 

pounded from given matrix methods 

B y  R A L P H  P A L M E R  A G N E W  

1. In t roduct ion.  I t  is our object to clarify and generalize Some theorems on 
inclusion among matr ix  methods of summabi l i ty  given by RUDBERG [1944], and 
to give applications involving the Ceshro, Abel, Euler, Borel, binary, and other  
methods. While RUDBERG gives no references, we observe tha t  some fundamenta l  
ideas underlying the paper of RUDBER~ and this one were used by HARDY and 
CHAPMAN [1911], JACOBSTttAL [1920] and KNOm" [1920]. Other references appear  
later. 

For  each r = 1, 2, 3, . . . ,  let A (r) be a t r iangular  matr ix  of elements ank (r) 
such tha t  

(1.01) a=k(r) > 0 , a ~ = > 0 ,  0 < k  < n ;  n = 0 ,  1 . . . .  

(1.02) lim an~ (r) = 0 

and 
n 

(1.03) ,~lim k=-~o a~e (r) = 1. 

k = 0, 1, 2 . . . .  

Then, for each r, A (r) determines a regular Silverman-Toeplitz t ransformat ion 

(1.1) a~(r) = ~ a~(r ) s~  
k = 0  

by means of which a given sequence s~ is evaluable to s if a~ (r) --> s as n -+ c~. 
Our terminology agrees with tha t  of HARDY [1949]. 

Let  the elements of a given sequence So, sl, s2 . . . .  be denoted by so(0 ), 
s 1 (0), s 2 (0) . . . . .  Le t  s o (1), sl (1), s 2 (1) . . . .  denote the A (1) t ransform of s o (0), 
s 1 (0), s2 (0) . . . .  ; let s o (2), s 1 (2), s2 (2) . . . .  denote the A 2 t ransform of s o (1), s 1 (1), 
s2(1) . . . .  ; and so on. Then, for each r = l ,  2, 3 . . . .  

(1.2) s~ (r) = k~o a~k (r) sk (r - -  1) n = 0, 1, 2 . . . . .  

The elements of these sequences form the double ~equence 
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