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On the Diophantine equation u 2 -  D v~= • 4 N 

B y  B E N C T  STOLT 

P a r t  I 

w 1. Introduct ion  

I t  is easy to solve the Diophantine equation 

A x  2 + B x y  + C y  2 + D x  + E y  + F = 0 

with integral coefficients, in integers x and y when the equation represents an 
ellipse or a parabola in the (x, y)-plane. If the equation represents a hyperbola, 
the problem is much more difficult. In this case the problem may be reduced 
to the solution of the equation 

(1) u 2 - D v  2 =  + N,  

where D and N are integers. We exclude the case of D being a perfect square, 
which is without interest. For solving an equation of this type one may use 
either the theory of quadratic forms or the theory of quadratic fields. 

T. NAG~.LL has shown 1 how it is possible t o  determine all the solutions of 
(1) independently of these theories. 

Suppose that  (1) is solvable, and le t  u and v be two integers satisfying (1). 
Then u + v l f D  is called a solution of (1). I f  x + y V 1 )  is a solution o f  the 
Diophantine equation 

(2) x 2 - -  D y  2 = 1, 

the number 
(u + v VD) (x + y V b )  = (ul + vl VD) 

is also a solution of (1). This solution is said to be associated with the solu- 
tion u + v l/D. The set of a l l  Solutions associated with each other forms a 
class o/ solutions of (1). 

A necessary and sufficient condition for the two solutions u + v V ~ ) a n d  

u ' +  v' 1 /~  to belong to the same class is tha t  the two expressions 

u u ( - - v v ' D  v u ' - - u v '  
(3) ~ ' N 

be integers. 

1 See [1]' [2], [3], [4]. I n  the  following we use the  not ions  proposed b y  NAGEr~. 
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