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On the coefficients in the power  series expansion o f  a ra- 
t ional function with an application on analytic cont inuat ion 

By CHRISTER LECH 

The  coef f ic ien ts  of  t h e  power  series 

2 - - x  i + 2 x + . . . .  ,~ 2, ~ . 

h a v e  the  p r o p e r t y  t h a t  t h e  d e n o m i n a t o r s  fin t e n d  to  in f in i ty  e x p o n e n t i a l l y  w i t h  
2 

. . . . . .  be r ep laced  by  a n o t h e r  rational func t i on  the  i ndex  n. L e t  t h e  f u n c t i o n  2 - - x  

G(n 
and  t h e  coeff ic ients  fl,, ( ~ . ,  fl,,: = 1)*  be  a l t e r ed  accord ing ly .  Might  i t  t h e n  

occur  t h a t  s i m u l t a n e o u s l y  l im fin = cx~ a n d  fl~ = 0 (n k) ? W e  shall  g ive  an  answer  

in t h e  n e g a t i v e  in p r o v i n g  the  fo l lowing  t h e o r e m :  
Let r (x) be a rational /unction, which in the neiqhbourhood o/ x = 0 is repre- 

Oin 
sented by a power series with rational coe//icients, whose :reduced /orms are ~ , ,  

= G(O ~1 ~_~ n r(~) ~o + ~ x + +  ~,x + . . .  

~,,, fl,, integers, (~n, fin) = 1 n = 1, 2, 3, . . . 

fl~ = 1, when 7n = O. 

Then,  either the sequence I~,~1 (n = 1, 2, 3 , . . . )  is bounqed or l ira t�9 ~.** 

The  p roof  is g iven  in t h e  sec t ions  1 and  2 below.  I n  sec t ion  3 the re  is an 
a p p l i c a t i o n  on a n a l y t i c  c o n t i n u a t i o n  in connec t i on  wi th  a p a p e r  1 by  P ro fe s so r  
F.  CARLSO~r The resu l t s  of th is  n o t e  were  also sugges ted  b y  h im.  

* (a, b) means the highest common divisor of a and b. 
** We put f in=  1, when % = 0, for the sake of brevity. In reality, only those values 

of n are considered for which a n 4- 0. A remark of this kind is relevant sometimes also in 
the sequel. 

1 CARLSON, 13ber Potenzreihen mit  ganzzahligen Koeffizienten, Math. Z., 9 (1921), p. 1-13. 
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