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On equivalent analytic functions 

B y  BY.NeT Ar~DV.RSSOrr 

W i t h  1 figure in the  t e x t  

1. We denote by ~ the class of functions ] (z) that  are analytic in a circle 
I z[--~ R. Two functions [(z) and g(z) of ~ are called equivalent if [ ( z ) i s  
transformed into g (z) by 

(i) multiplication with a constant of modulus 1, 
(if) a transformation z ' :  ze i~ (a real), 

(iii) replacing of all coefficients in the power series o f  /(z) by their conjugate 
values. 

Thus 
g(z)~-e i f l / ( ze  i~) or g ( z ) : e i ~ / ( 2 e ~ ) .  

We also call two harmonic functions u(z) and ul (z) or two curves c and cl 
equivalent if one is transformed into the other by 

(i) rotating the z-plane an angle a about z ~-0,  
(if) reflection in a straight line through z = 0. 

Thus 
u l ( z ) - - -u (ze  i~) or u l(z)~-~u(2e ia). 

�9 We obtain immediately that  if [ (z) and g (z) of ~ are equivalent, then the 
harmonic functions log I/I and log lgl Ere equivalent. 

Let [(z) belong to ~ .  Given r < R ,  we put  z~--re ~ and define e1(r,a) as 
the set of % 0 < ~ --< 2zr, such that  1/(rei~)l < a in el. Denoting by ~bt(r,a) 
the measure of el we will call ~!  the M-function of /(z). 

According to the definition, ~!  is a non-decreasing function of a. If M (r) 
and m (r) denote as usual the maximum and minimum of I/(z) l for I z l -~  r, 
then r  for a ~ m ( r )  and ~ ! - ~ 2 z r  for a > M ( r ) .  I t  is easily seen that  
if ](z) and g(z) are equivalent, then r  and ~g are identical for all r--< R. 

In the following we always exclude the case that  ](z) is a power of z, 
] (z) ~ a z% In this case the obtained results are trivial. Therefore we assume 
that  m (r) < M (r), t and that  ~! (r, a) is increasing in the  interval m (r) <--a <--M(r). 

1 T h e r e  i s  a t  m o s t  o n e  v a l u e  of r for  w h i c h  m ( r ) =  M ( r ) .  T h i s  s p e c i a l  v a l u e  i s  of no  
i n t e r e s t  here .  See  BLUMENTHA]5 (1), VALIRON (2). 
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