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This article is composed of two entirely different parts.  The first pa r t  deals with 
approximat ion of real continuous functions in one variable by rational functions 
whose zeros and poles all belong to certain prescribed sets. The second par t  is 
about  approximation of real continuous functions in severalvariables by  polynomials 
with integral coefficients. Two general theorems are proved and finally some spe- 
cial results are discussed. Fekete has completely analysed the problem in one 
variable [3]. 

I 

Theorem 1: Each positive continuous/unction / (x) admits uniform approximation 
on I = [ - 1, + 1] by the quotient of two real polynomials, whose zeros belong to two 
given sets P and P satisfying: 

1) P is the image of P under reflection in the real axis. 
2) P (and P) is situated on a line segment whose extension does not intersect I per- 

pendicularly. 
3) P (and P)  has a subset P'  (and t)') which is dense in itself (i.e. P'  c the set o/ 

all the accumulation points o /P ' ) .  

Proof: We use the following well-known theorem: The set M is dense in C( - 1, 1) 
if and only if each linear functional in C ( - l ,  1) which is zero for every element 
of M is identically zero. A real functional L (/) in C ( - 1, 1) m a y  be writ ten as 

+1 

L (/) = S f (x) d #  (x) 
- 1  

where/x is a real function of bounded variation. We define M as the set of func- 
tions { e~V/(x - a) + e - '~ / (x  - 5) } for all a = ~ + ifl E P ' ;  q is the argument  of the line 
1 to which a belongs. The assumption L (/) = 0 for / E M then  implies tha t  the func- 
tion 

+1 

u(a ,  f i )= \ x _ a + x _ ( t /  
- 1  

vanishes for all a 6 P ' .  But  u(~, fl) being the real pa r t  of an analytic function 
yJ (a), holomorphic for a ~ I, is harmonic, and we consequently have u (~, fl) = 0 on 
the whole line I except in its possible intersection with I .  Using the principle of 
reflection we get: 
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