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Some theorems on polynomials

By L. Caruirz

1. Let F(z)=a""+a, 2™ '+ - +a;, be a polynomial with rational coeffi-
cients. Let p be an odd prime that does not oceur in the denominator of
any a,. Now assume that

Fz)=G*(x) (mod p), (1.1)

where G/(x) is a polynomial with integral coefficients (mod p). We may evidently
suppose that

Gx)=2"+bx"  + -+ by, (1.2)

where the b, are rational integers. Substituting from (1.2) in (1.1) we get a
system of congruences

a; =2b,,  a,=b}+2b,, ay=2bb,+2b,,
{1.3)
ay =b5+2b,by+2b,, ... (mod p).
There are of course 2m congruences in (1.3). Consider the first m of these.

We may evidently choose rational numbers by, ..., by, that are integral (mod p)
and that satisfy the egualities

ay=2b1, ay=0b%+2by, -,  am=--+2bp; (1.4)
moreover b, = b, (mod p) for r =1, ..., m. If we put
G'(z) = ™ +byx™ 4 o + by,
then @' (z) = G(z) (mod p) and (1.1) implies
Fry=G%*@)+c,a™ ez 2+ - + e, (1.5)
where the ¢, are rational numbers that are integral (mod p); indeed
G =C="=c, =0 (mod p). (1.6)
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