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Some groups of  order pr q~ with Abelian subgroups of  
order pr contained in the central 

By ERIK GSTLIND 

The group of order pr qs where p and q are different prime numbers may  be gener- 
ated by Ai B~ where A i runs through all elements of a subgroup of order pr and Bj 
all elements of a subgroup of order qs. There are prqSA i Bj and they are all different. 
Hence they exhaust the group G~ rq s. (Here and in the following"G~" denotes a group 
of order n.) This means that  if under certain conditions every A~ must be permutable 
with every B~ and if a pair of groups, G~ r, Gq s, fulfils these conditions, there is one 
and only one group of order p~q8 with just these groups as subgroups, because the 
relations between A~ and B~ are completely determined in this case. If  under these 
conditions one of the groups in the pair, say Gvr, is Abelian, Gvr is contained in ,he  
central of the group Gvrq s. 

I t  has been shown that  if p > qS and p ~e 1 (rood q) and G~ r is a cyclic subgroup 
of G~rqs, then G~r must be contained in the central of Gvrqs. This also means that  
there can only be as many abstract groups of a given order pr q~ with these conditions 
1ulfilled as there are different groups of order qS.1 In  the following the case where 
G~ r is an Abelian group generated by two elements will be considered and the theorem 
to  be deduced is: 

T h e o r e m :  I] G~ r is an Abelian subgroup o[ G v rq s generated by two elements o/di]- 
]erent order and p > qS and p ~-1 (mod q), or i[ G~r is an Abelian subgroup o/G~rqs 
generated by two elements o/the same order and p > q~ and pU ~ 1 (rood q), then G~ r must 
be contained in the central o/G~ rq 8. 

The proof requires some lemmas. 

L e n a  1. When p > qS, there is only one subgroup of order pr of the group 
G~rqs. 

t t 

Suppose G~ r and Gp r were two different subgroups of G~ rq 8. Then Gv r would 
contain at  least some element, say A',  not contained in G~r and of order p~, where 
v # O. (A')~AI would then produce p~+l different elements, when n takes the values 
1, 2 . . . . .  p, and A i runs through all elements of Gvr. They are all different, because 
if (A')m Ai  = (A')n A~ we would have (A') m-n = AjA~ -1 and A'  would be an element 
of G~ r if m # n, contrary to the assumptions, because in this case m - n  ~ 0 (rood p). 

1 E.  G6TLIND: :N~gra sa t se r  o m  g ruppe r  a v  o rdn ingen  pr qs. (Some l e m m a s  a b o u t  g roups  of 
o rde r  pr qS.) 1Vorsk Matematisk Tidsskri]t, 1948, p. 11, t oge the r  w i th  a cor rec t ion  no t e  to  t h i s  
:paper: N o t  till u p p s a t s e n  ":N&gra sa t se r  o m  g r u p p e r  av  o r d n i n g e n  pr qS,,, t h e  s a m e  journa l ,  
1949, p. 59. 
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