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1. Introduction 

Let  n denote a positive integral variable and x denote a real variable, usual ly 
> 3. Le t  Ix] denote the  greatest  integer <_ x and  {x} = x -  Ix], called the  
fractional par t  of x. Le t  r denote the Euler  to t ien t  function,  which is defined 
to  be the  number  of positive integers < n and  relatively prime to n. I n  1874, 
F.  Mertens [3] proved t h a t  

3 x  2 
r -- ~r 2 @ O ( x l o g  x) ,  (1.1) 

n<_x 

a proof  of which m a y  be found in m a n y  books on number  theory  (cf. [2], Theorem 
330). I t  can be easily shown tha t  

2x a 
r --  ~2 ~- 0 @  2 l o g x ) .  (1.2) 

t t ~ x  

Let  ~b(x), q~'(x), E ( x )  and E ' ( x )  be defined by 

�9 (x) = y~ r r = ~ r {1.3) 
n < x  n < x  

3x ~ 3x 2 
E(x) = ~ r  = r  ~r 2 , (1.4) 

n < . x  

and  

2x 3 2:c3 
E ' ( x )  = ~ r  ze ~ - -  r  ~ . [1.5) 


