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Abstract. In this paper, we prove some sufficient conditions for Cohen-Macaulay normal Rees algebras
to be 𝐹 -rational. Let (𝑅,𝔪) be a Gorenstein normal local domain of dimension𝑑 ≥ 2 and of characteristic
𝑝 > 0. Let 𝐼 be an ideal generated by a system of parameters. Our first set of results give conditions on the
test ideals 𝜏 (𝐼𝑛), 𝑛 ≥ 1 which would imply that the normalization of the Rees algebra 𝑅 [𝐼𝑡] is 𝐹 -rational.
Another sufficient condition is that the socle of H𝑑

𝐺+
(𝐺) (where 𝐺 is the associated graded ring for the

integral closure filtration) is entirely in degree−1, if𝑅 is 𝐹 -rational (but not necessarily Gorenstein). Then
we show that if 𝑅 is a hypersurface of degree 2 or is three-dimensional and 𝐹 -rational and Proj(𝑅 [𝔪𝑡]) is
𝐹 -rational, then 𝑅 [𝔪𝑡] is 𝐹 -rational.

1. Introduction

Let (𝑅,𝔪) be a 𝑑-dimensional excellent local domain of prime characteristic 𝑝 > 0, where 𝑑 ≥ 2.
Let 𝐼 be an𝔪-primary ideal. WriteR (𝐼 ) for the Rees algebra ⊕𝑛∈N𝐼𝑛 andR (𝐼 ) for its normalization.
In this paper, we prove some sufficient conditions for R (𝐼 ) to be 𝐹 -rational. These are motivated by
results of N.Hara, K.-i.Watanabe andK.-i. Yoshida [HWY02], Hara and Yoshida [HY03],M. Koley and
the second author [KK21] and the analogous results of E. Hyry [Hyr99] in characteristic zero.
Our first result is the following converse to [HY03,Theorem 5.1]. For an𝑅-ideal 𝔞, 𝜏 (𝔞) is the test ideal

of 𝔞 [HY03, 1.9].

Theorem 1.1. Let (𝑅,𝔪) be a Gorenstein normal local domain of dimension 𝑑 ≥ 2 and of characteristic 𝑝 > 0.
Let 𝐼 be an 𝑅-ideal generated by a system of parameters such thatR (𝐼 ) is Cohen-Macaulay. If 𝜏 (𝐼𝑛) = 𝐼𝑛 : 𝐼𝑑−1

for all integers 1 ≤ 𝑛 ≤ 𝑑 − 1, thenR (𝐼 ) is 𝐹 -rational.

Using Lemma 3.15, we immediately obtain the following:

Corollary 1.2. Write𝔐 for the unique homogeneousmaximal ideal ofR (𝐼 ). If[
0∗

H𝑑+1
𝔐

(R (𝐼 ) )

]
−𝑛

= 0

for all 1 ≤ 𝑛 ≤ 𝑑 − 1, thenR (𝐼 ) is 𝐹 -rational.

As a corollary of some of the arguments that go into the proof of Theorem 1.1, we get the following
proposition.

Proposition 1.3. Let (𝑅,𝔪) be Gorenstein normal local domain of dimension𝑑 ≥ 2 and of characteristic 𝑝 > 0.
Let 𝐼 bean𝑅-ideal generatedbya systemofparameters such thatR (𝐼 ) isCohen-Macaulayand theassociatedgraded
ring𝐺 := ⊕𝑛≥0

𝐼𝑛

𝐼𝑛+1
is Gorenstein. Write𝑎 for the𝑎-invariant of𝐺.

(1) If 𝜏 (𝐼−𝑎−1) = 𝑅, thenR (𝐼 ) is 𝐹 -rational.
(2) IfR (𝐼 ) is 𝐹 -rational and𝑎 ≤ −2, then 𝜏 (𝐼𝑛) = 𝑅 for all 0 ≤ 𝑛 ≤ −𝑎 − 1.

The next proposition overlaps with Proposition 1.3 (1) when𝐺 is Gorenstein with 𝑎(𝐺) = −1.
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2 NIRMAL KOTAL ANDMANOJ KUMMINI

Proposition 1.4. Let (𝑅,𝔪) be a𝑑-dimensional 𝐹 -rational domain of characteristic 𝑝 > 0 and 𝐼 an𝔪-primary
ideal such thatR (𝐼 ) is Cohen-Macaulay. Let𝐺 := ⊕𝑛≥0

𝐼𝑛

𝐼𝑛+1
. Assume that

soc
(
H𝑑

𝐺+
(𝐺)

)
⊆

[
H𝑑

𝐺+
(𝐺)

]
−1
.

ThenR (𝐼 ) is 𝐹 -rational.

A consequence of [Hyr99, Theorem 1.5] is the following: Let (𝐴, 𝔞) be an excellent local normal do-
main of characteristic zero and 𝔟 an𝔞-primary ideal of𝐴. Assume that the the normalized Rees algebra
𝐵 := ⊕𝑛∈N𝔟𝑛 is Cohen-Macaulay. Then 𝐵 has rational singularities if and only if Proj𝐵 has rational
singularities. We wonder whether the following prime-characteristic analogue is true. Assume, with
notation as in the top of this section, that𝑅 is additionally 𝐹 -rational; if Proj R (𝐼 ) is 𝐹 -rational, isR (𝐼 )
𝐹 -rational? In this context, we have the following.

Theorem1.5. Let (𝑅,𝔪) be a complete 𝐹 -finite normal domain of characteristic𝑝 ≥ 7 andwith an infinite residue
field, satisfying one of the following:

(1) 𝑅 is a hypersurface of dimension𝑑 ≥ 2 and of multiplicity 2;
(2) 𝑅 is a three-dimensional Gorenstein 𝐹 -rational ring.

Suppose thatR (𝔪) is Cohen-Macaulay and that Proj R (𝔪) is 𝐹 -rational. ThenR (𝔪) is 𝐹 -rational. Addition-
ally, in (1),𝑅 is 𝐹 -rational.

This paper is organized as follows. In Section 2 we collect relevant definitions and facts about Rees
algebras, tight closure and test ideals. Theorem 1.1 is proved in Section 3. Proposition 1.3 and other
corollaries ofTheorem 1.1 are proved in Section 4. Section 5 contains some background information for
the proof ofTheorem 1.5, which is given in Section 6.

Acknowledgements. We thank the referee for helpful comments.

2. Preliminaries

All the ringswe consider in this article are excellent. The letter𝑝 denotes a primenumber. Whenused
in the context of the Frobenius map and singularities in prime characteristic, 𝑞 denotes an arbitrary
power of 𝑝.
Wenow collect results onRees algebras and singularities in prime characteristic thatwill be required

in the proofs.

2.1. Local cohomology. Let 𝑅 be a ring and 𝐼 = (𝑟1, . . . , 𝑟𝑚) be an 𝑅-ideal. Then the elements of H𝑚
𝐼
(𝑅)

are the residue classes of the fractions 𝑎

(𝑟1 · · ·𝑟𝑚 )𝑙 , 𝑎 ∈ 𝑅 and 𝑙 ≥ 1, modulo the𝑚-boundaries in the

extended Čech complex Č•(𝑟1, . . . , 𝑟𝑚). When 𝑟1, . . . , 𝑟𝑚 is a regular sequence, the class of 𝑎

(𝑟1 · · ·𝑟𝑚 )𝑙 is
zero if and only if 𝑎 ∈ (𝑟 𝑙1, . . . , 𝑟 𝑙𝑚); see [LT81, Proof ofTheorem 2.1, p. 104–105].

2.2. Rees algebras. Let 𝑅 be a ring. A filtration of 𝑅 is a sequence I := (𝐼𝑛)𝑛∈N of 𝑅-ideals 𝐼𝑛 such that
𝐼0 = 𝑅, 𝐼𝑛+1 ⊆ 𝐼𝑛 and 𝐼𝑛𝐼𝑚 ⊆ 𝐼𝑛+𝑚 for all 𝑛,𝑚 ∈ N.

The Rees algebra of I is the graded subring

R (I) :=
⊕
𝑛∈N

𝐼𝑛𝑡
𝑛

of 𝑅 [𝑡] (𝑡 being an indeterminate) with deg 𝑟 = 0 for each 𝑟 ∈ 𝑅 and deg 𝑡 = 1. Let 𝐼 be an ideal of 𝑅.
We writeR (𝐼 ) for the Rees algebra for the 𝐼-adic filtration, i.e., the one with 𝐼𝑛 = 𝐼𝑛 for each 𝑛. We say
that a filtration I is 𝐼 -admissible if 𝐼 ⊆ 𝐼1 andR (I) is a finitely generatedR (𝐼 )-module. ByR (𝐼 ) we
mean the integral closure ofR (𝐼 ) in𝑅 [𝑡]. It is the Rees algebra of the filtration (𝐼𝑛)𝑛∈N, where for every
𝑅-ideal 𝐽 , 𝐽 denotes its integral closure. Since 𝑅 is excellent, the filtration (𝐼𝑛)𝑛∈N is 𝐼-admissible.
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A reduction of a filtration I is an 𝑅-ideal 𝐼 ⊆ 𝐼1 such that I is 𝐼-admissible. A reduction of an ideal 𝐼
is a reduction for the 𝐼-adic filtration of 𝑅. A reduction 𝐼 of I isminimal if it is minimal with respect to
inclusion. If𝑅 is a local ringwithmaximal ideal𝔪 and𝑅/𝔪 is infinite, then everyminimal reduction of
I is minimally generated by dim(R (I) ⊗𝑅 𝑅/𝔪) elements. In particular, if 𝐼1 is𝔪-primary, then every
reduction of I is minimally generated by dim𝑅 elements. For a reduction 𝐼 of I, the reduction number
𝑟𝐼 (I) is the minimum of the integers 𝑟 such that 𝐼𝑛+1 = 𝐼 𝐼𝑛 for all 𝑛 ≥ 𝑟 . When I is the 𝐼-adic filtration
(for some 𝑅-ideal 𝐼 ) and 𝐽 is a reduction of 𝐼 , we write 𝑟 𝐽 (𝐼 ) = 𝑟 𝐽 (I).
The associated graded ring of afiltrationI = (𝐼𝑛) is𝐺 (I) :=

⊕
𝑛≥0

𝐼𝑛
𝐼𝑛+1
. WhenI is the 𝐼-adic filtration,

we write𝐺 (𝐼 ) = 𝐺 (I); when I = (𝐼𝑛)𝑛≥0, we write𝐺 (𝐼 ) = 𝐺 (I).
We now collect some statements about the local cohomology modules of Rees algebras. Recall that

for a noetherian graded ring 𝑆 := ⊕𝑛≥0𝑆𝑛 with 𝑆0 local, the 𝑎-invariant 𝑎(𝑆) of 𝑆 is

max{ 𝑗 |
[
Hdim𝑆

𝔫 (𝑆)
]
𝑗
≠ 0}

where 𝔫 is the unique homogeneous maximal ideal of 𝑆. If 𝑆 is a Z-graded ring with unique homoge-
neous maximal ideal 𝔫 and𝑀 is a graded 𝑆-module, the socle of𝑀, denoted soc𝑀 is (0 :𝑀 𝔫).

Theorem 2.2.1. Let (𝑅,𝔪) be a 𝑑-dimensional Cohen-Macaulay local ring and 𝐼 an𝔪-primary ideal. Let I be
an 𝐼 -admissible filtration.

(1) [GN94, Lemma 3.3]𝑎(R (I)) = −1.
(2) [GN94, Corollary 1.2]R (I) is Cohen-Macaulay if and only if𝐺 (I) is Cohen-Macaulay and𝑎(𝐺 (I)) <

0.

In some cases, there is the following relation between the 𝑎-invariant and the reduction number,
which can be proved similar to [Tru87, Proposition 3.2]. (The second assertion follows from the first
andTheorem 2.2.1 (2).)

Proposition 2.2.2. With notation as inTheorem2.2.1, assume that𝐺 (I) is Cohen-Macaulay. Let 𝐼 be aminimal
reduction ofI. Then 𝑟𝐼 (I) = 𝑎(𝐺 (I)) + 𝑑. In particular, ifR (I) is Cohen-Macaulay, then 𝑟𝐼 (I) ≤ 𝑑 − 1.

Write R′(I) for the extended Rees algebra ⊕𝑛∈Z𝐼𝑛𝑡𝑛 (where 𝐼𝑛 := 𝑅 when 𝑛 ≤ 0). W. Heinzer,
M.-K. Kim and B. Ulrich [HKU11,Theorem 6.1] gave a description of𝜔R′ (I) . Together with [KK21, Dis-
cussion 3.1], we get the following proposition.

Proposition 2.2.3. Let (𝑅,𝔪) be a Gorenstein local ring, of dimension 𝑑 ≥ 2. Let 𝐼 be an ideal generated by a
system of parameters and I be an 𝐼 -admissible filtration. Write 𝑟 = 𝑟𝐼 (I). IfR (I) is Cohen-Macaulay, then[
𝜔R (I)

]
𝑛
= 𝐼𝑛 : 𝐼𝑑−1 for each 𝑛 ≥ 1. If, further, 𝐺 (I) is Gorenstein, then

[
𝜔R (I)

]
𝑛
= 𝐼𝑛+𝑎+1 where 𝑎 =

𝑎(𝐺 (I)).

Proof. By [HKU11,Theorem 6.1(1)], [
𝜔R′ (I)

]
𝑛
= 𝐼𝑛−(𝑑−1)+𝑟 : 𝐼𝑟

for each 𝑛. SinceR (I) is Cohen-Macaulay, 𝑟 ≤ 𝑑 − 1 (Proposition 2.2.2), so 𝐼𝑛 : 𝐼𝑑−1 = 𝐼
𝑛 : 𝐼 (𝑑−1)−𝑟 𝐼𝑟 =

𝐼𝑛−(𝑑−1)+𝑟 : 𝐼𝑟 . By [KK21, Discussion 3.1], for each 𝑛 < 0,[
H𝑑+1

𝔐
(R (I))

]
𝑛
=

[
H𝑑+1

𝔐′ (R′(I))
]
𝑛

where𝔐 and𝔐′ are themaximal homogeneous ideals ofR (I) andR′(I) respectively. (In each nega-
tivedegree, themiddle verticalmap in the commutativediagram in [KK21,Discussion 3.1] is the identity
map, and, therefore, so is themap𝛾 .) Applying the gradedMatlis duality functor Hom𝑅 (−, 𝐸) (where 𝐸
is the injective hull of the 𝑅-module 𝑅/𝔪) we see that for each 𝑛 > 0,[

𝜔R (I)
]
𝑛
=
[
𝜔R′ (I)

]
𝑛
= 𝐼𝑛 : 𝐼𝑑−1.

Assume further that𝐺 (I) is Gorenstein. Then𝜔𝐺 (I) = 𝐺 (I)(𝑎). Since𝐺 (I) = R′ (I)
𝑡−1R′ (I) , it follows that

𝜔R′ (I) = R′(I)(𝑎 + 1). □
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2.3. Prime characteristic notions. Let 𝑅 be a ring of prime characteristic 𝑝 > 0. For an ideal 𝐼 ⊆ 𝑅,
𝐼 [𝑞 ] denotes the ideal generated by 𝑞-th power of elements of 𝐼 . Let 𝐹 : 𝑅 −→ 𝑅 be the Frobenius map
𝑟 ↦→ 𝑟𝑝 . The ring 𝑅 viewed as an 𝑅-module via 𝐹𝑒 : 𝑅 −→ 𝑅 is denoted as 𝑒𝑅. Let𝑀 be an 𝑅-module and
write 𝐹𝑒 (𝑀) = 𝑒𝑅 ⊗𝑅𝑀. For𝑥 ∈ 𝑀, its image in 𝐹𝑒 (𝑀) under the naturalmap𝑀 −→ 𝑒𝑅 ⊗𝑅𝑀 is written
as 𝑥𝑝

𝑒

. For a submodule 𝑁 ⊆ 𝑀, the image of 𝐹𝑒 (𝑁 ) in 𝐹𝑒 (𝑀) is denoted by 𝑁 [𝑝𝑒 ]
𝑀

. Write

𝑅0 = 𝑅 ∖
⋃

𝔭∈Min𝑅

𝔭.

Let 𝔞 be an 𝑅-ideal and 𝑁 ⊆ 𝑀 𝑅-modules. The 𝔞-tight closure of 𝑁 in𝑀 (introduced by N. Hara and
K.-i. Yoshida [HY03, Definition 1.1]) is

𝑁 ∗𝔞
𝑀 := {𝑧 ∈ 𝑀 | there exists 𝑐 ∈ 𝑅0 such that 𝑐𝔞𝑞𝑧𝑞 ⊆ 𝑁

[𝑞 ]
𝑀

for all 𝑞 ≫ 1}.

When 𝔞 = 𝑅, this is the same as the tight closure defined by M. Hochster and C. Huneke[HH90]; we
then write𝑁 ∗

𝑀
for𝑁 ∗𝑅

𝑀
. When𝑀 = 𝑅 and𝑁 = 𝐼 an𝑅-ideal, we write 𝐼 ∗𝔞 and 𝐼 ∗ respectively. We say that

𝑁 is tightly closed in𝑀 if 𝑁 ∗
𝑀

= 𝑁 .

Definition 2.3.1. We say that a local ring 𝑅 is 𝐹 -rational if an ideal generated by a system of parameters
is tightly closed. We say that a ring 𝑅 is 𝐹 -rational if 𝑅𝔪 is 𝐹 -rational for eachmaximal ideal𝔪 of 𝑅. Say
that a scheme𝑋 is 𝐹 -rational if it has an open cover by the spectra of 𝐹 -rational rings.

Wehave used [HH94,Theorem (4.2)] to give the above definition of 𝐹 -rationality. Moreover, the same
theorem also shows that all 𝐹 -rational rings are normal, and those that we consider in this paper are
Cohen-Macaulay. AGorenstein local 𝐹 -rational ring isweakly 𝐹 -regular, i.e., all ideals are tightly closed.
It is known that a Cohen-Macaulay ring 𝑅 is 𝐹 -rational if and only if 0∗

𝐻𝑑
𝔪 (𝑅) = 0 [Smi97, Theorem 2.6].

Suppose thatR (I) is Cohen-Macaulay. Then by a similar argument,R (I) is 𝐹 -rational if and only if
0∗
𝐻𝑑+1
𝔐

(R (I) ) = 0.

Remark 2.3.2. ACohen-Macaulay domain of dimension at least two that is regular in codimension one
is normal. Suppose that R (I) is Cohen-Macaulay and that Proj R (I) is 𝐹 -rational. As discussed in
[KK21, Lemma 3.5], Spec R (I) \ {𝔐} (where𝔐 is the homogeneous maximal ideal of R (I)) is 𝐹 -
rational. ThereforeR (I) is normal. □

An element 𝑐 ∈ 𝑅0 is called 𝔞-test element if for every ideal 𝐼 of 𝑅 and for all 𝑧 ∈ 𝑅, 𝑧 ∈ 𝐼 ∗𝔞 if and only
if 𝑐𝑧𝑞𝔞𝑞 ⊆ 𝐼 [𝑞 ] for all 𝑞 ≥ 1. An 𝑅-test element is a test element. An element 𝑐 ∈ 𝑅0 is called a parameter
test element if for every𝑅-ideal 𝐼 generated by a system of parameters and for all 𝑧 ∈ 𝑅, 𝑧 ∈ 𝐼 ∗ if and only
if 𝑐𝑧𝑞 ⊆ 𝐼 [𝑞 ] for all 𝑞 ≥ 1. The test ideal 𝜏 (𝔞) is⋂𝐼⊆𝑅 (𝐼 : 𝐼 ∗𝔞). If (𝑅,𝔪) is a 𝑑-dimension normal and
Gorenstein local ring, then

(2.3.3) 𝜏 (𝔞) = Ann𝑅 (0∗𝔞
𝐸 ) =

⋂
𝑡≥1

(𝑥𝑡1 , ..., 𝑥𝑡𝑑 ) :𝑅 (𝑥𝑡1 , ..., 𝑥𝑡𝑑 )
∗𝔞 .

where 𝑥1, . . . , 𝑥𝑑 is a system of parameters and 𝐸 is the injective hull of 𝑅/𝔪. Recall that 𝐸 ≃ H𝑑
𝔪 (𝑅) ≃

lim
→𝑡

𝑅
(𝑥𝑡1 ,...,𝑥𝑡𝑑 )

.
We summarize some results from [HY03, Proposition 1.11 andTheorem 2.1] that are relevant in this

paper.

Theorem 2.3.4. Assume the above notation. Let𝔞, 𝔟 be𝑅-ideals. Then:

(1) 𝔞𝜏 (𝔟) ⊆ 𝜏 (𝔞𝔟).
(2) If 𝔟 ⊆ 𝔞, then 𝜏 (𝔟) ⊆ 𝜏 (𝔞). Moreover, if𝔞 ∩ 𝑅0 ≠ ∅ and 𝔟 is a reduction of𝔞, then 𝜏 (𝔟) = 𝜏 (𝔞).
(3) If𝑅 is a weakly 𝐹 -regular ring, then𝔞 ⊆ 𝜏 (𝔞).
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3. Proof of Theorem 1.1

Setup 3.1. Let (𝑅,𝔪) be an excellent, Cohen-Macaulay, normal local domain of dimension 𝑑 ≥ 2 and
of characteristic 𝑝 > 0. Let 𝐼 = (𝑓1, · · · , 𝑓𝑑 ) be a parameter ideal, that is 𝑓1, · · · , 𝑓𝑑 is a system of pa-
rameters (and hence a regular sequence). Let 𝑓 = 𝑓1 · · · 𝑓𝑑 . Set 𝐼 [𝑙 ] := (𝑓 𝑙1 , · · · , 𝑓 𝑙𝑑 ) for 𝑙 ≥ 1. Denote
the Rees algebra 𝑅 [𝐼𝑡] (respectively 𝑅 [𝐼𝑡]) byR (respectivelyR). 𝔐 (respectively𝔐) to be the unique
homogeneous maximal ideal ofR (respectivelyR).𝐺 is the associated graded ring

⊕
𝑛≥0

𝐼𝑛

𝐼𝑛+1
.

The following proposition is similar to those in [VV78]. We could not find a proof of the statement as
we need it below, so we give a proof.

Proposition 3.2. Assume Setup 3.1 and that𝐺 is Cohen-Macaulay. Then for all 𝑘 ≥ 0 and 𝑙 ≥ 0, 𝐼𝑘+𝑙 ∩ 𝐼 [𝑙 ] =
𝐼𝑘 𝐼 [𝑙 ].

Proof. For brevity of notation, we write 𝑥𝑖 for the image of 𝑓𝑖 in𝐺 1. Let 𝑎𝑖 , 1 ≤ 𝑖 ≤ 𝑑 be elements of 𝑅
such that

∑𝑑
𝑖 𝑎𝑖 𝑓

𝑙
𝑖 ∈ 𝐼𝑘+𝑙 . Let 𝑘1 be such that (𝑎1, . . . , 𝑎𝑑 ) ∈ 𝐼𝑘1 ∖ 𝐼𝑘1+1. Let 𝑎𝑖 , 1 ≤ 𝑖 ≤ 𝑑 be the images of

the 𝑎𝑖 in𝐺𝑘1. (We write 𝑎𝑖 instead of 𝑎
∗
𝑖 since not all the 𝑎𝑖 might be in 𝐼𝑘1 ∖ 𝐼𝑘1+1.) Wemay assume that

𝑘1 < 𝑘.
Let (𝐾•, 𝜕•) (respectively, (𝐾 ′

•, 𝛿•)) be the Koszul complex on the 𝑓 𝑙𝑖 on 𝑅 (respectively, the 𝑥𝑙𝑖 on𝐺 ).
Note that 𝑥1, . . . , 𝑥𝑑 is a regular sequence on𝐺. Therefore

𝑎1
𝑎2
...

𝑎𝑑


∈ ker𝛿1 = Im𝛿2.

Hence there exist 𝑏1, . . . , 𝑏(𝑑2) ∈ 𝐼
𝑘1−𝑙 such that

𝑎1
𝑎2
...

𝑎𝑑


= 𝛿2

©­­­­«

𝑏1
𝑏2
...

𝑏(𝑑2)


ª®®®®¬

Define 𝑎′𝑖 , 1 ≤ 𝑖 ≤ 𝑑 by 
𝑎′1
𝑎′2
...

𝑎′
𝑑


=


𝑎1
𝑎2
...

𝑎𝑑


− 𝜕2

©­­­­«

𝑏1
𝑏2
...

𝑏(𝑑2)


ª®®®®¬

Note that 𝑎′𝑖 ∈ 𝐼𝑘1+1 for all 𝑖. Moreover,

∑︁
𝑖

𝑎′𝑖 𝑓
𝑙
𝑖 = 𝜕1

©­­­­«

𝑎′1
𝑎′2
...

𝑎′
𝑑


ª®®®®¬
= 𝜕1

©­­­­«

𝑎1
𝑎2
...

𝑎𝑑


ª®®®®¬
=
∑︁
𝑖

𝑎𝑖 𝑓
𝑙
𝑖 .

Repeating this argument, we can find 𝑎𝑖 ∈ 𝐼𝑘 such that
∑

𝑖 𝑎𝑖 𝑓
𝑙
𝑖 =

∑
𝑖 𝑎𝑖 𝑓

𝑙
𝑖 . □

Discussion 3.3. Assume Setup 3.1. Then 𝐼 [𝑙 ] :𝑅 𝐼𝑛 = 𝐼𝑑𝑙−𝑛−𝑑+1 + 𝐼 [𝑙 ] for all 𝑙, 𝑛 ≥ 1; see, e.g., [HY03,
Lemma 2.11]. Using this, Hara and Yoshida [HY03,Theorem 2.7] showed that

(3.4) 𝐼 [𝑙 ]
∗𝐼𝑛

= {𝑧 ∈ 𝑅 : there exists a nonzero 𝑐 ∈ 𝑅 such that 𝑐𝑧𝑞 ∈ 𝐼 (𝑑𝑙−𝑛)𝑞 + 𝐼 [𝑙𝑞 ] for all 𝑞 ≫ 1}.
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6 NIRMAL KOTAL ANDMANOJ KUMMINI

Let 𝑧 ∈ 𝑅, 𝑐 ∈ 𝑅∖ {0} and𝑞 be such that 𝑐𝑧𝑞 ∈ 𝐼 (𝑑𝑙−𝑛)𝑞 + 𝐼 [𝑙𝑞 ]. Let 𝑟 = 𝑟𝐼 ((𝐼𝑛)𝑛≥0). Then for all𝑛′ ≥ 0,
𝐼𝑛

′+𝑟 ⊆ 𝐼𝑛
′
. Let 𝑐1 ∈ 𝐼𝑟 ∖ {0}. Then

𝑐1𝑐𝑧
𝑞 ∈ 𝐼𝑟 𝐼 (𝑑𝑙−𝑛)𝑞 + 𝐼 [𝑙𝑞 ] ⊂ 𝐼 (𝑑𝑙−𝑛)𝑞 + 𝐼 [𝑙𝑞 ] .

Therefore,

(3.5) 𝐼 [𝑙 ]
∗𝐼𝑛

= {𝑧 ∈ 𝑅 : there exists a nonzero 𝑐 ∈ 𝑅 such that 𝑐𝑧𝑞 ∈ 𝐼 (𝑑𝑙−𝑛)𝑞 + 𝐼 [𝑙𝑞 ] for all 𝑞 ≫ 1},
where 𝑙, 𝑛 ≥ 1 such that 𝑑𝑙 − 𝑛 ≥ 1. In particular,

(3.6) 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ] ⊆ 𝐼 [𝑙 ]
∗𝐼𝑛

for all 𝑙, 𝑛 ≥ 1 such that 𝑑𝑙 − 𝑛 ≥ 1.

Discussion3.7. WenowmakesomeobservationsaboutH𝑑

R+
(R) that areanalogous to those in [HWY02,

Subsection 1.3, Lemma 2.8, Corollary 2.9] about H𝑑
R+

(R). Assume that R is Cohen-Macaulay. Let
𝑛 ∈ Z. Then [

H𝑑

R+
(R)

]
𝑛
=

{[
𝑎

𝑓 𝑙
𝑡𝑛
]

: 𝑙 ≥ 0, 𝑑𝑙 + 𝑛 ≥ 0, 𝑎 ∈ 𝐼𝑑𝑙+𝑛
}
.

Assume now that 𝑛 ≥ 1 and consider the exact sequence

(3.8) 0
[
H𝑑

R+
(R)

]
−𝑛

H𝑑
𝔪 (𝑅)𝑡−𝑛

[
H𝑑+1

𝔐
(R)

]
−𝑛

0.
𝜙−𝑛

(The existence of such an exact sequence can be proved in a way similar to [HWY02, Lemma 2.7].) The
map 𝜙−𝑛 in (3.8) is

[
𝑎

𝑓 𝑙
𝑡−𝑛

]
↦→

[
𝑎

𝑓 𝑙

]
𝑡−𝑛. □

Proposition 3.9. Assume Setup 3.1 and thatR is Cohen-Macaulay. Suppose that 𝑙, 𝑛 are positive integers such
that𝑑𝑙 − 𝑛 ≥ 1. Then for all𝑎 ∈ 𝑅,

[
𝑎

𝑓 𝑙

]
𝑡−𝑛 ∈ Im(𝜙−𝑛) if and only if𝑎 ∈ 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ].

Proof. ‘If ’ follows fromDiscussion 3.7. For ‘only if ’, let 𝑎 ∈ 𝑅 be such that[
𝑎

𝑓 𝑙

]
𝑡−𝑛 ∈ Im(𝜙−𝑛) .

Then there exist𝑚 ≥ 0 and 𝑏 ∈ 𝐼𝑑𝑚−𝑛 such that 𝑑𝑚 − 𝑛 ≥ 0 and[
𝑎

𝑓 𝑙

]
𝑡−𝑛 =

[
𝑏

𝑓𝑚

]
𝑡−𝑛 = 𝜙−𝑛

( [
𝑏

𝑓𝑚
𝑡−𝑛

] )
.

We see that
𝑎

𝑓 𝑙
− 𝑏

𝑓𝑚

is a boundary in Č•(𝑓1, . . . , 𝑓𝑑 ;𝑅). Without loss of generality,𝑚 ≥ 𝑙. Therefore there exists 𝑁 ≥ 𝑚 such
that

𝑎

𝑓 𝑙
− 𝑏

𝑓𝑚
=

∑
𝑖 𝑎𝑖 𝑓

𝑁
𝑖

𝑓 𝑁
.

Hence 𝑓 𝑁−𝑚 (𝑎𝑓𝑚−𝑙 − 𝑏) ∈ 𝐼 [𝑁 ] so 𝑎𝑓𝑚−𝑙 ∈ 𝐼𝑑𝑚−𝑛 + 𝐼 [𝑚]. From this we want to conclude that

𝑎 ∈ 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ] .
Wemay apply induction on𝑚 − 𝑙 and assume that𝑚 = 𝑙 + 1.
Let 𝑘 be such that 𝑎 ∈ 𝐼𝑘 ∖ 𝐼𝑘+1. We may assume that 𝑘 < 𝑑𝑙 − 𝑛. Further applying induction on

𝑑𝑙 − 𝑛 − 𝑘, we may further assume that

(3.10) ((𝐼𝑑𝑙+1−𝑛 + 𝐼 [𝑙+1]) : 𝑓 ) ∩ 𝐼𝑘 ′ ⊆ 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ] .
for all 𝑘 ′ with 𝑘 < 𝑘 ′ ≤ 𝑑𝑙 − 𝑛.
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Write

(3.11) 𝑎𝑓 = 𝑏 +
𝑑∑︁
𝑖=1

𝑎𝑖 𝑓
𝑙+1
𝑖

where 𝑏 ∈ 𝐼𝑑 (𝑙+1)−𝑛 and 𝑎𝑖 ∈ 𝑅 for all 1 ≤ 𝑖 ≤ 𝑑. By Proposition 3.2, we may assume that 𝑎𝑖 ∈ 𝐼𝑘+𝑑−𝑙−1

for all 1 ≤ 𝑖 ≤ 𝑑.
Write 𝑥𝑖 for the image of 𝑓𝑖 in𝐺 1 and x = 𝑥1 · · · 𝑥𝑑 . Since𝐺 is Cohen-Macaulay, the 𝑥𝑖 form a regular

sequenceon it. Thenweget amapbetween theKoszul co-complexes𝐾•(𝑥𝑙1, . . . , 𝑥𝑙𝑑 ;𝐺) −→ 𝐾•(𝑥𝑙+1
1 , . . . , 𝑥𝑙+1

𝑑
;𝐺)

· · · 𝐺 ((𝑑 − 2)𝑙) (𝑑2) 𝐺 ((𝑑 − 1)𝑙)𝑑 𝐺 (𝑑𝑙) 0

· · · 𝐺 ((𝑑 − 2) (𝑙 + 1)) (𝑑2) 𝐺 ((𝑑 − 1) (𝑙 + 1))𝑑 𝐺 (𝑑 (𝑙 + 1)) 0

𝜕 (𝑙 )

·x

𝜕 (𝑙+1)

Note that deg𝑎∗x = 𝑘 + 𝑑 < 𝑑 (𝑙 + 1) − 𝑛 = deg𝑏∗, so from (3.11) we see that 𝑎∗x ∈ Im 𝜕 (𝑙+1) , i.e. it is
boundary. Hence it gives the zero element in H𝑑

𝐺+
(𝐺). Since𝐺 is Cohen-Macaulay, all the maps in the

directed system
H𝑑 (𝐾•(𝑥𝑙1, . . . , 𝑥𝑙𝑑 ;𝐺)) −→ H𝑑 (𝐾•(𝑥𝑙+1

1 , . . . , 𝑥𝑙+1
𝑑

;𝐺))
are injective, so 𝑎∗ too is boundary, i.e., 𝑎∗ ∈ Im 𝜕 (𝑙 ) . I.e., there exist 𝛼1, . . . , 𝛼𝑑 ∈ 𝑅 such that

𝑎′ := 𝑎 −
∑︁
𝑖

𝛼𝑖 𝑓
𝑙
𝑖 ∈ 𝐼𝑘+1

Note that 𝑎′ 𝑓 − 𝑎𝑓 ∈ 𝐼 [𝑙+1] so by (3.10), 𝑎′ ∈ 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ]. Hence 𝑎 ∈ 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ]. □

Discussion 3.12. Since 𝑅 is an excellent normal domain, its singular locus is a proper closed subset of
Spec𝑅, so there exists 𝑐 ∈ 𝑅0 such that 𝑅𝑐 is regular, and, a fortiori, 𝐹 -rational. Then (R)𝑐 ≃

(
R
)
𝑐
≃

𝑅𝑐 [𝑡] is 𝐹 -rational; use [Vél95, Proposition 1.2]. Hence by [Vél95,Theorem 3.9], we see that there exists
𝑁 such that 𝑐𝑁 is a parameter test element for 𝑅, R and R. In particular, 𝐼 contains parameter test
elements for 𝑅,R andR.
Let 𝑐 ∈ 𝐼 a parameter test element for 𝑅 andR. Then for all 𝑛 ≥ 1, we have, from (3.8), the following

commutative diagram:

□(3.13)

0
[
H𝑑

R+
(R)

]
−𝑛

H𝑑
𝔪 (𝑅)𝑡−𝑛

[
H𝑑+1

𝔐
(R)

]
−𝑛

0

0
[
H𝑑

R+
(R)

]
−𝑛𝑞

H𝑑
𝔪 (𝑅)𝑡−𝑛𝑞

[
H𝑑+1

𝔪 (R)
]
−𝑛𝑞

0.

𝜙−𝑛

𝑐𝐹𝑒 𝑐𝐹𝑒 𝑐𝐹𝑒

𝜙−𝑛𝑞

Lemma 3.14. Let (𝑅,𝔪) and 𝐼 be as in the Setup 3.1. Then for each 𝑛 ≥ 1 and 𝑙 ≥ 1, 𝐼 [𝑙+1] : 𝐼 [𝑙+1]∗𝐼𝑛 ⊆ 𝐼 [𝑙 ] :
𝐼 [𝑙 ]

∗𝐼𝑛 .

Proof. Let 𝑛 ≥ 1 and 𝑙 ≥ 1. Note that 𝐼 [𝑙+1] : 𝑓 = 𝐼 [𝑙 ] since 𝑓1, 𝑓2, · · · , 𝑓𝑑 is a regular sequence. Hence we
have the following sequence of inclusions:

𝑓 𝐼 [𝑙 ]
∗𝐼𝑛 ⊆ 𝐼 [𝑙+1]∗𝐼𝑛 ;

𝑓 𝐼 [𝑙 ]
∗𝐼𝑛 (𝐼 [𝑙+1] : 𝐼 [𝑙+1]∗𝐼𝑛 ) ⊆ 𝐼 [𝑙+1]∗𝐼𝑛 (𝐼 [𝑙+1] : 𝐼 [𝑙+1]∗𝐼𝑛 ) ⊆ 𝐼 [𝑙+1] ;

𝐼 [𝑙 ]
∗𝐼𝑛 (𝐼 [𝑙+1] : 𝐼 [𝑙+1]∗𝐼𝑛 ) ⊆ 𝐼 [𝑙+1] : 𝑓 = 𝐼 [𝑙 ] .

Therefore 𝐼 [𝑙+1] : 𝐼 [𝑙+1]∗𝐼𝑛 ⊆ 𝐼 [𝑙 ] : 𝐼 [𝑙 ]
∗𝐼𝑛
. □
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8 NIRMAL KOTAL ANDMANOJ KUMMINI

Lemma 3.15. Let (𝑅,𝔪) and 𝐼 as in the Setup 3.1. Suppose thatR is Cohen-Macaulay. Fix𝑛 ≥ 1. Consider the
following statements:

(1)
[
0∗

H𝑑+1
𝔐

(R )

]
−𝑛

= 0.

(2) 𝐼 [𝑙 ]∗𝐼
𝑛

= 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ] for all 𝑙 such that𝑑𝑙 − 𝑛 ≥ 1.
(3) 𝐼 [𝑙 ]∗𝐼

𝑛

= 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ] for all 𝑙 ≫ 0.
(4) 𝜏 (𝐼𝑛) = 𝐼𝑛 : 𝐼𝑑−1.
Then (1) ⇐⇒ (2) ⇐⇒ (3). If, additionally,𝑅 is Gorenstein, then (3) ⇐⇒ (4).

Proof. (1) =⇒ (2): Let 𝑙 be such that𝑑𝑙−𝑛 ≥ 1. In viewof (3.6), we need to show that 𝐼 [𝑙 ]
∗𝐼𝑛 ⊆ 𝐼𝑑𝑙−𝑛+𝐼 [𝑙 ].

Let 𝑎 ∈ 𝐼 [𝑙 ]∗𝐼
𝑛

. Then there exists a non-zero 𝑐 ∈ 𝑅 such that 𝑐𝑎𝑞 ∈ 𝐼 (𝑑𝑙−𝑛)𝑞 + 𝐼 [𝑙𝑞 ] ⊆ 𝐼 (𝑑𝑙−𝑛)𝑞 + 𝐼 [𝑙𝑞 ] for
all 𝑞 ≫ 1, by (3.4). Hence by Proposition 3.9,

(3.16) 𝑐𝐹𝑒
( [
𝑎

𝑓 𝑙

]
𝑡−𝑛

)
=

[
𝑐𝑎𝑝

𝑒

𝑓 𝑙𝑝
𝑒

]
𝑡−𝑛𝑝

𝑒 ∈ Im𝜙−𝑛𝑝𝑒

for all 𝑒 ≫ 0. Multiplying 𝑐 by a parameter test element in 𝐼 for 𝑅 and R (Discussion 3.12), we may
assume that 𝑐 is a parameter test element. Consider the element

[
𝑎

𝑓 𝑙

]
𝑡−𝑛 ∈ H𝑑

𝔪 (𝑅)𝑡−𝑛 and its image 𝜉
in [H𝑑+1

𝔐
(R)]−𝑛. From (3.16) and the commutative diagram (3.13), we see that 𝑐𝐹𝑒 (𝜉) = 0 for all 𝑒 ≫ 0.

Hence 𝜉 ∈
[
0∗

H𝑑+1
𝔐

(R )

]
−𝑛
and thus 𝜉 = 0. So [ 𝑎

𝑓 𝑙
]𝑡−𝑛 ∈ Im(𝜙−𝑛). Therefore 𝑎 ∈ 𝐼 (𝑑𝑙−𝑛) + 𝐼 [𝑙 ].

(2) =⇒ (3): Immediate.

(3) =⇒ (1): Let 𝜉 ∈
[
0∗

H𝑑+1
𝔐

(R )

]
−𝑛
. Let 𝑎 ∈ 𝑅 and 𝑙 ∈ N be such that 𝜉 is the image of the element[

𝑎

𝑓 𝑙

]
𝑡−𝑛 ∈ H𝑑

𝔪 (𝑅)𝑡−𝑛 .

Since
[
𝑎

𝑓 𝑙

]
=

[
𝑎𝑓 𝑙

′

𝑓 𝑙+𝑙
′

]
in H𝑑

𝔪 (𝑅) for all 𝑙
′ ≥ 0, we may assume that 𝑙 is sufficiently large. Now 𝑐𝐹𝑒 (𝜉) = 0

for all 𝑒 ≫ 0. From the commutative diagram (3.13), we see that[
𝑐𝑎𝑞

𝑓 𝑙𝑞

]
𝑡−𝑛𝑞 ∈ Im(𝜙−𝑛𝑞)

so by Proposition 3.9 and (3.5), 𝑎 ∈ 𝐼 [𝑙 ]
∗𝐼𝑛
. However, 𝐼 [𝑙 ]

∗𝐼𝑛
= 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ] , by hypothesis. Therefore[

𝑎

𝑓 𝑙

]
∈ Im(𝜙−𝑛) and so 𝜉 = 0.

We now prove (3) ⇐⇒ (4) assuming that 𝑅 is Gorenstein. Note that

(3.17) 𝐼 [𝑙 ] : (𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ]) = 𝐼 [𝑙 ] : 𝐼𝑑𝑙−𝑛 = (𝐼 [𝑙 ] : 𝐼𝑑𝑙−𝑛−𝑑+1) : 𝐼𝑑−1 = (𝐼 [𝑙 ] + 𝐼𝑛) : 𝐼𝑑−1 = 𝐼𝑛 : 𝐼𝑑−1.

for all 𝑙 ≥ 𝑛. (We have used the fact that 𝐼𝑑𝑙−𝑛 = 𝐼𝑑𝑙−𝑛−𝑑+1𝐼𝑑−1, which, in turn, follows from the fact that
𝑟𝐼 (𝐼 ) ≤ 𝑑 − 1, by Proposition 2.2.2.) It immediately follows that if we assume (3), then, using (2.3.3) and
Lemma 3.14,

𝜏 (𝐼𝑛) =
⋂
𝑙≥1

𝐼 [𝑙 ] : 𝐼 [𝑙 ]
∗𝐼𝑛

= 𝐼𝑛 : 𝐼𝑑−1.

Conversely assume (4). In view of (3.6), we need to show that 𝐼 [𝑙 ]
∗𝐼𝑛 ⊆ 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ] for all 𝑙 ≫ 0. Or,

equivalently, using (3.17), that 𝐼 [𝑙 ] : 𝐼 [𝑙 ]
∗𝐼𝑛 ⊇ 𝐼𝑛 : 𝐼𝑑−1 for all 𝑙 ≫ 0. This follows from (2.3.3). □

Remark 3.18. Adopt the notation and hypotheses ofTheorem 1.1. By [HY03, Theorem 2.1], 𝐼𝑑−1𝜏 (𝐼𝑛) ⊆
𝜏 (𝐼𝑛+𝑑−1) ⊆ 𝐼𝑛. Hence 𝜏 (𝐼𝑛) ⊆

[
𝜔R

]
𝑛
, using Proposition 2.2.3. Thus, together with [HY03, Theo-

rem 5.1], Theorem 1.1 implies thatR is 𝐹 -rational if and only if 𝜏 (𝐼𝑛) =
[
𝜔R

]
𝑛
for all 𝑛 ≥ 1.
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BLOW-UP RINGS AND 𝐹 -RATIONALITY 9

Proof ofTheorem 1.1. We first show that 𝜏 (𝐼𝑛) = 𝐼𝑛 : 𝐼𝑑−1 for each 𝑛 ≥ 1. By hypothesis this holds for all
1 ≤ 𝑛 ≤ 𝑑 − 1. Now assume that 𝑛 ≥ 𝑑, by induction, that 𝜏 (𝐼𝑛) = 𝐼𝑛 : 𝐼𝑑−1, which, in turn, equals[
𝜔R

]
𝑛
. Therefore

𝜏 (𝐼𝑛+1) ⊆
[
𝜔R

]
𝑛+1 = 𝐼

[
𝜔R

]
𝑛
= 𝐼𝜏 (𝐼𝑛) ⊆ 𝜏 (𝐼𝑛+1),

using Remark 3.18, [Hyr01, Proposition 3.2], the induction hypothesis andTheorem 2.3.4(1).
We now see from Lemma 3.15 that [

0∗
H𝑑+1
𝔐

(R )

]
−𝑛

= 0

for all 𝑛 ≥ 1. Since the 𝑎-invariant 𝑎(R) is −1 (Theorem 2.2.1 (1)), it follows that

0∗
H𝑑+1
𝔐

(R )
= 0.

HenceR is 𝐹 -rational. □

Remark 3.19. We now give a minor generalization ofTheorem 1.1. Suppose, more generally, that 𝐼 has
a reduction 𝐽 generated by a system of parameters. Assume the remaining hypothesis on 𝐼 fromTheo-
rem 1.1. Let 1 ≤ 𝑛 ≤ 𝑑 − 1. Then

𝜏 (𝐼𝑛) = 𝜏 (𝐽𝑛) ⊆ 𝐽𝑛 :𝑅 𝐽𝑑−1 ⊆ 𝐼𝑛 :𝑅 𝐼𝑑−1 = 𝜏 (𝐼𝑛) .

(The first equality and third inclusion hold since 𝐽𝑛 is a reduction of 𝐼𝑛; the second is fromRemark 3.18;
the last equality is by hypothesis.) Therefore 𝜏 (𝐽𝑛) = 𝐽𝑛 :𝑅 𝐽𝑑−1. HenceR (𝐼 ) = R (𝐽 ) is 𝐹 -rational. □

4. Corollaries

In this section, we prove some corollaries of the results of the previous section. Throughout this
section, we will assume that (𝑅,𝔪) and 𝐼 are as in Setup 3.1. We start with the proof of Proposition 1.3.

Proof of Proposition 1.3. (1): Assume that 𝜏 (𝐼−𝑎−1) = 𝑅. By Remark 3.18, we need to show that
[
𝜔R

]
𝑛
⊆

𝜏 (𝐼𝑛) for each 𝑛 ≥ 1. Since 𝐺 is Gorenstein and 𝑎 < 0, we see that R is Cohen-Macaulay (Theo-
rem 2.2.1 (2)), and that

[
𝜔R

]
𝑛
= 𝐼𝑛+𝑎+1 for all 𝑛 ≥ 1 (Proposition 2.2.3). Therefore we will show that

𝐼𝑛+𝑎+1 ⊆ 𝜏 (𝐼𝑛) for all 𝑛 ≥ 1. Since

(4.1) 𝜏 (𝐼−𝑎−1) ⊆ 𝜏 (𝐼−𝑎−2) ⊆ · · · ⊆ 𝜏 (𝑅)

we may assume that 𝑛 ≥ −𝑎. In view of (2.3.3) and Lemma 3.14, we will take 𝑙 ≫ 0 and show that
𝐼𝑛+𝑎+1 ⊆ 𝐼 [𝑙 ] : 𝐼 [𝑙 ]

∗𝐼𝑛
.

Let𝑧 ∈ 𝐼 [𝑙 ]∗𝐼
𝑛

for some𝑛 > −𝑎−1 and 𝑙 ≥ 1with𝑑𝑙−𝑛 ≥ 1. Then there exists a nonzero𝑐 ∈ 𝑅 such that
𝑐𝑧𝑞 ∈ 𝐼 (𝑑𝑙−𝑛)𝑞 + 𝐼 [𝑙𝑞 ] for all𝑞 ≫ 1. Multiplying by (𝐼𝑛+𝑎+1) [𝑞 ] , we see that 𝑐 (𝑧𝐼𝑛+𝑎+1) [𝑞 ] ⊆ 𝐼 (𝑑𝑙+𝑎+1)𝑞 + 𝐼 [𝑙𝑞 ]

for all 𝑞 ≫ 1. This implies that 𝑧𝐼𝑛+𝑎+1 ⊆ 𝐼 [𝑙 ]
∗𝐼−𝑎−1

= 𝐼𝑑𝑙+𝑎+1 + 𝐼 [𝑙 ] , where the last equality is due to
Lemma 3.15. (Note that statement (1) of Lemma 3.15 holds with 𝑛 = −(𝑎 + 1).) By Proposition 2.2.2
𝐼𝑑𝑙+𝑎+1 = 𝐼𝑑𝑙−𝑑+1𝐼𝑎+𝑑 . Hence 𝑧𝐼𝑛+𝑎+1 ⊆ 𝐼𝑑𝑙−𝑑+1 + 𝐼 [𝑙 ] = 𝐼 [𝑙 ]. In other words, 𝐼𝑛+𝑎+1 ⊆ 𝐼 [𝑙 ] : 𝐼 [𝑙 ]

∗𝐼𝑛
. This

completes the proof of the first assertion of the proposition.
(2): Assume thatR is 𝐹 -rational and that 𝑎 ≤ −2. By (4.1) it suffices to show that 𝜏 (𝐼−𝑎−1) = 𝑅. Since

R is 𝐹 -rational, we see fromRemark 3.18 and Proposition 2.2.3 that𝜏 (𝐼−𝑎−1) =
[
𝜔R

]
−𝑎−1 = 𝐼

−𝑎−1+𝑎+1 =

𝑅. (Note that, by hypothesis,𝐺 is Gorenstein and −𝑎 − 1 ≥ 1.) □

Corollary 4.2. Suppose that 𝑅 is a three-dimensional Gorenstein 𝐹 -rational ring and that 𝐼 is a reduction of𝔪
generated by a system of parameters. LetI = (𝔪𝑛)𝑛∈N. Assume that 𝑟𝐼 (I) = 2. ThenR is 𝐹 -rational.

Proof. By [HKU11, Corollary 4.4]𝐺 is Gorenstein. Further, 𝑎(𝐺) = dim𝑅 − 𝑟𝐼 (I) = −1. Now use Propo-
sition 1.3. □
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10 NIRMAL KOTAL ANDMANOJ KUMMINI

Proof of Proposition 1.4. WriteR′ = 𝑅 [𝐼𝑡, 𝑡−1] andR′ for its normalization. By [KK21, Theorem 1.1], We
need to show thatR′ is 𝐹 -rational. Write𝔐′ for the homogeneousmaximal ideal ofR′. From the exact
sequence

0 −→ R′(1) 𝑡−1

−→ R′ −→ 𝐺 −→ 0
we see that for each 𝑛 ∈ Z, [

soc
(
H𝑑

𝐺+
(𝐺)

)]
𝑛
=

[
soc

(
H𝑑+1

𝔐′ (R′)
)]

𝑛+1
.

(Note that
√︁
𝔐′𝐺 =

√︃
𝐺+ and this equals the homogeneous maximal ideal of𝐺.) It follows that

soc
(
H𝑑+1

𝔐′ (R′)
)
⊆

[
H𝑑+1

𝔐′ (R′)
]

0
.

Arguing as in [KK21, Discussion 3.1] and using the fact that 𝑎(𝐺) < 0, we see that[
H𝑑+1

𝔐′ (R′)
]

0
= H𝑑

𝔪 (𝑅) .

We need to show that
0∗
𝐻𝑑+1
𝔐′ (R′ )

= 0.

By way of contradiction, assume that this does not hold. Then there exists a homogeneous

𝜉 ∈ 0∗
𝐻𝑑+1
𝔐′ (R′ )

⋂
soc

(
H𝑑+1

𝔐′ (R′)
)
, 𝜉 ≠ 0.

By above, deg 𝜉 = 0. Let 𝑐 ∈ 𝑅 be such that 𝑐𝐹𝑒 (𝜉) = 0 for all 𝑞 ≫ 1. Then 𝜉 gives a non-zero element of
0∗
𝐻𝑑
𝔪 (𝑅) , which is a contradiction. □

When 𝑅 is 𝐹 -rational and 𝑎(𝐺) < −1, then it is not necessarily true that 𝜏 (𝐼−𝑎−1) = 𝑅. Indeed, if 𝑅
and𝐺 are Gorenstein and 𝑎(𝐺) = −2, then by Proposition 1.3, 𝜏 (𝐼 ) = 𝑅 if and only ifR is 𝐹 -rational.
For a specific example, see [Sin00, Example 6.3].
We now have the following corollary of Lemma 3.15, relating the 𝐹 -rationality of Veronese subrings

ofR (𝐼 ) to 𝐼𝑛-tight closure. The implication (1) =⇒ (3) can also be proved by [KK21, Proposition 5.3].

Proposition 4.3. Assume Setup 3.1 and thatR is Cohen-Macaulay. Then the following are equivalent:
(1) Proj R is 𝐹 -rational.
(2) For all𝑛 ≫ 0, 𝐼 [𝑙 ]∗𝐼

𝑛

= 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ] for all 𝑙 such that𝑑𝑙 − 𝑛 ≥ 1.
(3) For all𝑛 ≫ 0,R (𝐼𝑛) is 𝐹 -rational.

Proof. (1) =⇒ (2): Since Proj R is 𝐹 -rational, 0∗
H𝑑+1
𝔐

(R )
is of finite length. Hence

[
0∗

H𝑑+1
𝔐

(R )

]
−𝑛

= 0 for

all 𝑛 ≫ 0. Then by Lemma 3.15, for all 𝑛 ≫ 0, 𝐼 [𝑙 ]
∗𝐼𝑛

= 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ] for all 𝑙 such that 𝑑𝑙 − 𝑛 ≥ 1.
(2) =⇒ (3): SinceR is Cohen-Macaulay and normal, so isR (𝐼𝑛) for all 𝑛 ≥ 1. Choose an 𝑛0 such

that for all 𝑛 ≥ 𝑛0, 𝐼 [𝑙 ]
∗𝐼𝑛

= 𝐼𝑑𝑙−𝑛 + 𝐼 [𝑙 ] for all 𝑙 such that 𝑑𝑙 − 𝑛 ≥ 1. By Lemma 3.15,
[
0∗

H𝑑+1
𝔐

(R )

]
−𝑛

= 0

for all 𝑛 ≥ 𝑛0. Since [
H𝑑+1

𝔐
R(𝐼𝑛0 )

(R (𝐼𝑛0))
]
−𝑛

=

[
H𝑑+1

𝔐R

(R)
]
−𝑛𝑛0

for all 𝑛 ≥ 1, it follows that 0∗
H𝑑+1
𝔐

R(𝐼𝑛0 )
(R (𝐼𝑛0 ) )

−𝑛 = 0
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BLOW-UP RINGS AND 𝐹 -RATIONALITY 11

for all 𝑛 ≥ 1. Hence
0∗

H𝑑+1
𝔐

R(𝐼𝑛0 )
(R (𝐼𝑛0 ) )

= 0.

Consequently,R (𝐼𝑛0) is 𝐹 -rational. ThereforeR (𝐼𝑛) is 𝐹 -rational, for all 𝑛 ≫ 0.
(3) =⇒ (1): Note that Proj R (𝐼𝑛) = Proj R. □

5. Preliminaries, II

5.1. Hypersurface rings. We now collect some facts about quotients rings of power series rings by a
non-zero power series.
For an element 𝑓 in a noetherian local ring (𝑅,𝔪), the order of 𝑓 , written ord(𝑓 ), is the (unique)

integer 𝑘 such that 𝑓 ∈ 𝔪𝑘 ∖ 𝔪𝑘+1. We need the following corollary of the Weierstrass Preparation
Theorem; see [LW12, Corollary 9.6].

Theorem5.1.1. Letk be an infinite field and let 𝑓 be anon-zero power series in𝑆 = k[[𝑋0, · · ·𝑋𝑛]],𝑛 ≥ 1. Assume
that ord(𝑓 ) = 𝑒 ≥ 2 and that 𝑒 ≠ 0 ∈ k. Then, after a change of coordinates, we have 𝑓 = 𝑢 (𝑋 𝑒

0 + 𝑏2𝑋
𝑒−2
0 +

𝑏3𝑋
𝑒−3
0 + · · · + 𝑏𝑒−1𝑋0 + 𝑏𝑒), where𝑢 is a unit of 𝑆 and𝑏2, · · · , 𝑏𝑒 are non-units of k[[𝑋1, · · · , 𝑋𝑛]].

Let 𝐼 be an𝑅-ideal. An element 𝑟 ∈ 𝐼 is said to be a superficial element of 𝐼 if there exists 𝑐 ∈ N such that
for all𝑛 ≥ 𝑐, (𝐼𝑛+1 : 𝑟 ) ∩ 𝐼𝑐 = 𝐼𝑛. A sequence of elements 𝑟1, 𝑟2, · · · 𝑟𝑛 ∈ 𝐼 is said to be a superficial sequence
for 𝐼 if for all 𝑖 = 1, 2, · · · , 𝑛 the image of 𝑥𝑖 in 𝐼/(𝑟1, · · · , 𝑟𝑖−1) is a superficial element of 𝐼/(𝑟1, · · · , 𝑟𝑖−1).
If 𝑟 ∈ 𝐼 ∖ 𝐼 2 is such that 𝑟 ∗ ∈ 𝐺 (𝐼 )1 is a non-zero-divisor on𝐺 (𝐼 ), then 𝑟 is a superficial element of 𝐼 .

Lemma 5.1.2. Let 𝑑 ≥ 1. Let 𝑔 ∈ (𝑋1, 𝑋2, · · · , 𝑋𝑑 )2 ⊆ k[[𝑋1, 𝑋2, · · · , 𝑋𝑑 ]] and 𝑓 = 𝑋 2
0 + 𝑔 ∈ 𝑆 :=

k[[𝑋0, 𝑋1, · · · , 𝑋𝑑 ]]. Write (𝑅,𝔪) = 𝑆/(𝑓 ). Then for each 1 ≤ 𝑖 ≤ 𝑑 , the image of 𝑋𝑖 in 𝑅 is a superficial
element of𝔪. In particular, the images of𝑋1, . . . , 𝑋𝑑 is a superficial sequence for𝔪.

Proof. Write 𝑥0, . . . , 𝑥𝑑 for the images of 𝑋0, . . . , 𝑋𝑑 in 𝑅 and 𝑌0, . . . , 𝑌𝑑 for the images of 𝑥0, . . . , 𝑥𝑑 ∈
𝔪/𝔪2. Write 𝑔(𝑋1, . . . , 𝑋𝑑 ) = 𝑔2(𝑋1, . . . , 𝑋𝑑 ) + 𝑔′(𝑋1, . . . , 𝑋𝑑 ) with 𝑔′(𝑋1, . . . , 𝑋𝑑 ) ∈ (𝑋1, 𝑋2, · · · , 𝑋𝑑 )3.
Then𝐺 (𝔪) ≃ k[𝑌0, . . . , 𝑌𝑑 ]/(𝑌 2

0 +𝑔2(𝑌1, . . . , 𝑌𝑑 )). Therefore for all 1 ≤ 𝑖 ≤ 𝑑,𝑌𝑖 is a non-zero-divisor on
𝐺 (𝔪), so 𝑥𝑖 is a superficial element of𝔪.
The second assertion now follows by induction on 𝑑. □

5.2. Binomial coefficient modulo a prime. Let𝑚,𝑛 be two positive integers and 𝑝 a prime number.
Assume that𝑚 = 𝑚𝑘𝑝

𝑘 +𝑚𝑘−1𝑝
𝑘−1 + · · · +𝑚1𝑝 +𝑚0 and 𝑛 = 𝑛𝑘𝑝

𝑘 + 𝑛𝑘−1𝑝
𝑘−1 + · · · + 𝑛1𝑝 + 𝑛0 are the

base 𝑝 expansions of𝑚 and 𝑛 respectively, i.e.,𝑚𝑖 , 𝑛𝑖 are integers such that 0 ≤ 𝑚𝑖 , 𝑛𝑖 ≤ 𝑝 − 1 for all
0 ≤ 𝑖 ≤ 𝑘. Then by Lucas’s theorem [Fin47,Theorem 1],

(5.2.1)
(
𝑚

𝑛

)
≡

𝑘∏
𝑖=0

(
𝑚𝑖

𝑛𝑖

)
(mod 𝑝) .

This uses the convention that
(
𝑚
𝑛

)
= 0 if𝑚 < 𝑛 and that

(0
0
)
= 1. Thus

(
𝑚
𝑛

)
. 0 (mod 𝑝) if and only if

𝑚𝑖 ≥ 𝑛𝑖 for all 𝑖.

Lemma 5.2.2. Let 𝑝 be a prime number. The following quantities are not divisible by 𝑝 :
(1)

(
𝑝𝑒−1
𝑟

)
for each integer 𝑒 ≥ 1 and 0 ≤ 𝑟 ≤ 𝑝𝑒 − 1.

(2)
(𝑝𝑒+1

2
1

)
for all integers 𝑒 ≥ 1 and 𝑝 > 2.

(3)
(𝑝2+1

2
𝛽

)
, where 𝑝 > 3 and

𝛽 =

{
𝑝2−1

3 if 𝑝 ≡ 1 (mod 3)
2𝑝2−𝑝+3

6 if 𝑝 ≡ 2 (mod 3)
.
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12 NIRMAL KOTAL ANDMANOJ KUMMINI

Proof. (1): Since 𝑟 ≤ 𝑝𝑒 − 1, we canwrite the base-𝑝 representation of 𝑟 as 𝑟 = 𝑟𝑒−1𝑝
𝑒−1+𝑟𝑒−2𝑝

𝑒−2+ · · · 𝑟0.
The base-𝑝 representation of 𝑝𝑒 − 1is 𝑝𝑒 − 1 = (𝑝 − 1)𝑝𝑒−1 + (𝑝 − 1)𝑝𝑒−2 + · · · + (𝑝 − 1). Hence, by (5.2.1),(

𝑝𝑒 − 1
𝑟

)
≡

𝑒−1∏
𝑖=0

(
𝑝 − 1
𝑟𝑖

)
. 0 (mod 𝑝).

(2) Note that 𝑝
𝑒+1
2 =

𝑝𝑒−1
2 +1 = 𝑝−1

2 𝑝𝑒−1+ 𝑝−1
2 𝑝𝑒−2+· · ·+ 𝑝−1

2 +1. So 𝑝𝑒+1
2 ≡ 𝑝+1

2 (mod 𝑝). So
(𝑝𝑒+1

2
1

)
. 0

(mod 𝑝).
(3): Note that the base-𝑝 representation of 𝑝

2+1
2 is 𝑝2+1

2 =
𝑝−1

2 𝑝+ 𝑝+1
2 . If𝑝 ≡ 1 (mod 3), then the base-𝑝

representation of 𝑝2−1
3 is 𝑝2−1

3 =
𝑝−1

3 𝑝 + 𝑝−1
3 . Since 𝑝+1

2 >
𝑝−1

2 >
𝑝−1

3 , we see from (5.2.1) that( 𝑝2+1
2

𝑝2−1
3

)
. 0 (mod 𝑝) .

Now suppose that 𝑝 ≡ 2 (mod 3). The base-𝑝 representation of 2𝑝2−𝑝+3
6 is 2𝑝2−𝑝+3

6 =
𝑝−2

3 𝑝 + 𝑝+1
2 .

As 𝑝−1
2 >

𝑝−2
3 , we see by the above discussion that

( 𝑝2+1
2

2𝑝2−𝑝+3
6

)
. 0 (mod 𝑝). □

6. Proof of Theorem 1.5

Wenow list somesufficient conditions for two-dimensional hypersurface rings tobe 𝐹 -rational. They
are proved using [Gla96,Theorem 2.3].

Lemma 6.1. Let 𝑆 = k[[𝑋0, 𝑋1, 𝑋2]] and 𝑅 = 𝑆/(𝑈0𝑋
2
0 + 𝑈1𝑋

2
1 + 𝑈2𝑋

𝑚
2 ) where𝑈0,𝑈1,𝑈2 are units in 𝑆 and

𝑚 ≥ 2. Assume that𝑅 is 𝐹 -finite and that 𝑝 ≥ 3. Then𝑅 is strongly 𝐹 -regular. In particular it is 𝐹 -rational.

Proof. Write 𝑓 = 𝑈0𝑋
2
0 + 𝑈1𝑋

2
1 + 𝑈2𝑋

𝑚
2 . Since 𝑋0 is in the jacobian ideal of 𝑓 , 𝑅𝑋0 is regular. We

want to show that 𝑋0 𝑓
𝑝𝑒−1 ∉ (𝑋0, 𝑋1, 𝑋2) [𝑝

𝑒 ] for some 𝑒, in order to apply [Gla96, Theorem 2.3]. Since
(𝑋0, 𝑋1, 𝑋2) [𝑝

𝑒 ] is a monomial ideal, it suffices to exhibit a term of 𝑋0 𝑓
𝑝𝑒−1 that does not belong to

(𝑋0, 𝑋1, 𝑋2) [𝑝
𝑒 ].

Consider the monomial 𝑔 := 𝑋0(𝑋 2
0)

𝑝𝑒 −3
2 (𝑋 2

1 )
𝑝𝑒 −1

2 𝑋𝑚
2 . Then for all 𝑒 > 𝑚, 𝑔 ∉ (𝑋0, 𝑋1, 𝑋2) [𝑝

𝑒 ]. Note
that the coefficient of𝑔 in𝑋0 𝑓

𝑝𝑒−1 is (
𝑝𝑒 − 1
𝑝𝑒−3

2

)
· 𝑝

𝑒 + 1
2

times a non-zero element of k. This is non-zero by Lemma 5.2.2. Hence𝑋0 𝑓
𝑝𝑒−1 ∉ (𝑋0, 𝑋1, 𝑋2) [𝑝

𝑒 ]. □

Lemma 6.2. Let 𝑆 = k[[𝑋0, 𝑋1, 𝑋2]] and𝑅 = 𝑆/(𝑈0𝑋
2
0 +𝑈1𝑋

3
1 +𝑈2𝑋1𝑋

𝑚
2 +𝑈3𝑋

𝑛
2 ). Assume the following:

(1) 𝑅 is 𝐹 -finite, 𝑝 ≥ 7 and𝑈0 and𝑈1 are invertible elements of 𝑆.
(2) For 𝑖 = 2, 3, if𝑈𝑖 is non-zero, then it is invertible. At least one of {𝑈2,𝑈3} is non-zero.
(3) (𝑈2 ≠ 0 and 2 ≤ 𝑚 ≤ 3) or (𝑈3 ≠ 0 and 3 ≤ 𝑛 ≤ 5).
Then𝑅 is strongly 𝐹 -regular. In particular it is 𝐹 -rational.

Proof. Write 𝑓 = 𝑈0𝑋
2
0 +𝑈1𝑋

3
1 +𝑈2𝑋1𝑋

𝑚
2 +𝑈3𝑋

𝑛
2 . Since𝑋0 is in the jacobian ideal of 𝑓 ,𝑅𝑋0 is regular. We

will show that𝑋0 𝑓
𝑝2−1 ∉ (𝑋0, 𝑋1, 𝑋2) [𝑝

2 ] and apply [Gla96,Theorem 2.3]. As in the proof of the previous
lemma, it suffices to exhibit a term of𝑋0 𝑓

𝑝2−1 that does not belong to (𝑋0, 𝑋1, 𝑋2) [𝑝
2 ]. Let

𝛼 =

{
𝑝2−1

3 if 𝑝 ≡ 1 (mod 3)
2𝑝2−𝑝+3

6 if 𝑝 ≡ 2 (mod 3)
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and 𝛽 =
𝑝2+1

2 − 𝛼. Note that, by Lemma 5.2.2,

(6.3)
(
𝑝2 − 1
𝑝2−3

2

) (𝑝2+1
2
𝛼

)
∈ k× .

Case I:𝑈2 ≠ 0and2 ≤ 𝑚 ≤ 3. Consider themonomial𝑔 := 𝑋0(𝑋 2
0)

𝑝2−3
2 (𝑋 3

1 )𝛽 (𝑋1𝑋
𝑚
2 )𝛼 = 𝑋

𝑝2−2
0 𝑋

3𝛽+𝛼
1 𝑋𝑚𝛼

2 .
Then𝑔 ∉ (𝑋0, 𝑋1, 𝑋2) [𝑝

2 ]. Thecoefficientof𝑔 in𝑋0 𝑓
𝑝2−1 isnon-zeroby (6.3). Hence𝑋0 𝑓

𝑝2−1 ∉ (𝑋0, 𝑋1, 𝑋2) [𝑝
2 ].

Case II: 𝑈3 ≠ 0 and 3 ≤ 𝑛 ≤ 5. Similar argument as above, with 𝑔 := 𝑋0(𝑋 2
0)

𝑝2−3
2 (𝑋 3

1 )𝛼 (𝑋𝑛
2 )𝛽 =

𝑋
𝑝2−2
0 𝑋 3𝛼

1 𝑋
𝑛𝛽

2 . □

We now prove a minor modification of [HWY02, Corollary 5.7].

Lemma 6.4. Let (𝑅,𝔪) and 𝐼 be as in Setup 3.1. Assume that𝐺 is Cohen-Macaulay. Let 𝑥 ∈ 𝐼 ∖ 𝐼 2 be such that
its image in𝐺 is a non-zero-divisor on𝐺. Write 𝑆 = 𝑅/(𝑥). If 𝑆 and the Rees algebra 𝑆 [𝐼𝑆𝑡] are 𝐹 -rational, then
𝑅 andR are 𝐹 -rational.

Proof. By [KK21, Theorem 1.1], the extended Rees algebra 𝑆 [𝐼𝑆𝑡, 𝑡−1] is 𝐹 -rational. Since 𝐺 is Cohen-
Macaulay, 𝑅 [𝐼𝑡, 𝑡−1] is Cohen-Macaulay, and, therefore,

𝑅 [𝐼𝑡, 𝑡−1]/(𝑥𝑡) ≃ 𝑆 [𝐼𝑆𝑡, 𝑡−1] .

(It follows from [Ito92,Theorem 1] that, in general,𝑅 [𝐼𝑡, 𝑡−1]/(𝑥𝑡) and𝑆 [𝐼𝑆𝑡, 𝑡−1] agree except infinitely
many positive degrees. Since, in our situation, depth(𝑅 [𝐼𝑡, 𝑡−1]/(𝑥𝑡)) ≥ 2 and depth(𝑆 [𝐼𝑆𝑡, 𝑡−1]) ≥ 1,
we get the above isomorphism.) Hence𝑅 [𝐼𝑡, 𝑡−1] is 𝐹 -rational, by [HWY02, Corollary 5.7]). Hence𝑅 and
R are 𝐹 -rational [KK21,Theorem 1.1]. □

Proposition 6.5. Let 𝑆 = k[[𝑋0, · · · , 𝑋𝑑 ]] where𝑑 ≥ 2 and k is an infinite 𝐹 -finite field of characteristic 𝑝 ≥ 7.
Let 𝑓 ∈ 𝑆 be irreducible of order 2; write𝑅 = 𝑆/(𝑓 ) and𝔪 for the maximal ideal of𝑅. Assume that Proj(R (𝔪))
is 𝐹 -rational. Then𝑅 andR (𝔪) are 𝐹 -rational.

Proof. The strategy of the proof is to show (using the 𝐹 -rationality of Proj R (𝔪)) that after a suitable
change of variables, 𝑓 is of the form 𝑓 + 𝑔 where 𝑓 the power series in Lemmas 6.1 or 6.2 and 𝑔 ∈
(𝑋3, . . . , 𝑋𝑑 )𝑆. Hence𝑅/(𝑋3, . . . , 𝑋𝑑 )𝑅 ≃ k[[𝑋0, 𝑋1, 𝑋2]]/(𝑓 ) is a two-dimensional𝐹 -rational ring. By [HWY02,
Theorem 3.1], the Rees algebra of an integrally closed ideal in a two-dimensional 𝐹 -rational ring is 𝐹 -
rational. Now apply Lemma 6.4 repeatedly.
Wefirstobserve thatR (𝔪) isCohen-Macaulayandnormal. Since𝐺 (𝔪) isGorensteinwith𝑎-invariant

2 − (𝑑 + 1),R (𝔪) is Cohen-Macaulay. By Remark 2.3.2, it is normal.
ByTheorem 5.1.1, wemay assume that 𝑓 = 𝑋 2

0 +𝑔, where𝑔 ∈ k[[𝑋1, . . . , 𝑋𝑑 ]] and ord(𝑔) ≥ 2. (We are
concerned only about the ideal 𝑓 𝑆, not the element 𝑓 , per se.) Since 𝑅 is a domain,𝑔 ≠ 0.
Let 𝐼 = (𝑋1, · · · , 𝑋𝑑 )𝑅. Then 𝐼 is a minimal reduction of𝔪 and 𝐼𝔪 = 𝔪2. By Lemma 5.1.2, 𝑥1, · · · , 𝑥𝑑

is a sequence of superficial elements.
We now show that ord(𝑔) ≤ 3. By way of contradiction, assume that ord(𝑔) ≥ 4. Then for all 𝑞 ≥ 1,

𝑋
2𝑞
0 ≡ 𝑔𝑞 mod 𝑓 , so in 𝑅,𝑋 2𝑞

0 ∈ 𝐼 4𝑞. Hence𝑋0 ∈ 𝐼 2 = 𝔪2 = 𝔪2, by [HS06, 6.8.3] and the normality of
R (𝔪). This a contradiction. Hence ord(𝑔) ≤ 3.
Case I: ord(𝑔) = 2. By Theorem 5.1.1, we may assume that 𝑔 = 𝑈1(𝑋 2

1 + ℎ), where 𝑈1 is a unit in
k[[𝑋1, · · · , 𝑋𝑑 ]] andℎ ∈ k[[𝑋2, · · · , 𝑋𝑑 ]] with ord(ℎ) ≥ 2.
We now show that ℎ ≠ 0. By way of contradiction, assume that ℎ = 0. Then 𝑓 = 𝑋 2

0 + 𝑈1𝑋
2
1 ∈

(𝑋0, 𝑋1)𝑆. The ring𝑅 (𝑋0,𝑋1 ) is not normal, since it is one-dimensional, but not regular. (𝑓 is in the square
of the maximal ideal of 𝑆 (𝑋0,𝑋1 ) .) Hence Spec𝑅 ∖ {𝔪} is not normal. In particular, Proj R (𝔪) is not
normal, which contradicts the hypothesis that Proj R (𝔪) is 𝐹 -rational. Henceℎ ≠ 0.
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Let𝑚 = ord(ℎ). Again byTheorem 5.1.1, writeℎ = 𝑈2(𝑋𝑚
2 + ℎ′), where𝑈2 is a unit in k[[𝑋2, · · · , 𝑋𝑑 ]]

andℎ′ ∈ (𝑋3, · · · , 𝑋𝑑 )k[[𝑋2, · · · , 𝑋𝑑 ]] with ord(ℎ′) ≥ ord(ℎ). Let

𝑅 :=
𝑅

(𝑋3, · · · , 𝑋𝑑 )
≃ k[[𝑋0, 𝑋1, 𝑋2]]

(𝑋 2
0 +𝑈1𝑋

2
1 +𝑈2𝑋

𝑚
2 )

for some units𝑈1,𝑈2 ∈ k[[𝑋0, 𝑋1, 𝑋2]]. By Lemma 6.1, 𝑅 is 𝐹 -rational. By [HWY02, Theorem 3.1], the
Rees algebra 𝑅 [𝑋0𝑡, 𝑋1𝑡, 𝑋2𝑡] is 𝐹 -rational. By Lemmas 5.1.2 and 6.4,R (𝔪) is 𝐹 -rational.
Case II: ord(𝑔) = 3. By Theorem 5.1.1, we may assume that 𝑔 = 𝑈1(𝑋 3

1 + 𝑋1ℎ1 + ℎ2), where 𝑈1 is
a unit in k[[𝑋1, · · · , 𝑋𝑑 ]] and ℎ1, ℎ2 are non-units in k[[𝑋2, · · · , 𝑋𝑑 ]] such that𝑚 := ord(ℎ1) ≥ 2 and
𝑛 := ord(ℎ2) ≥ 3. As in the above case, if ℎ1 = ℎ2 = 0, then 𝑓 is in the square of the maximal ideal
of 𝑆 (𝑋0,𝑋1 ) , so Spec𝑅 ∖ {𝔪} would not be normal, contradicting the 𝐹 -rationality of Proj R (𝔪). Hence
ℎ1 ≠ 0 orℎ2 ≠ 0.
Note that (𝑋0)𝑞+1𝑋

𝑙𝑞

1 = (−𝑔)
𝑞+1

2 𝑋
𝑙𝑞

1 = ±(𝑈1𝑋
3
1 +ℎ1𝑋1 +ℎ2)

𝑞+1
2 𝑋

𝑙𝑞

1 and that a general term of the above
expression is of the form𝑋

3𝛼+𝛽+𝑙𝑞
1 ℎ

𝛽

1 ℎ
𝛾

2 , with some coefficient, where 𝛼 + 𝛽 + 𝛾 =
𝑞+1

2 .
Now suppose that𝑚 ≥ 4 and 𝑛 ≥ 6. We claim that

(6.6) 𝑋
3𝛼+𝛽+𝑙𝑞
1 ℎ

𝛽

1 ℎ
𝛾

2 ∈ 𝐼 (𝑙+2)𝑞 + 𝐼 [ (𝑙+1)𝑞 ]

for all 𝑞 ≫ 1 and 𝑙 ≫ 0. Assume the claim. Then

𝑋0(𝑋0𝑋
𝑙
1 )𝑞 ∈ 𝐼 (𝑙+2)𝑞 + 𝐼 [ (𝑙+1)𝑞 ]

for all 𝑞 ≫ 1 and 𝑙 ≫ 0. By (3.5)𝑋0𝑋
𝑙
1 ∈ 𝐼 [𝑙+1]∗𝐼 (𝑑−1) (𝑙+1)−1

for all 𝑙 ≫ 0. Since Proj R (𝔪) is 𝐹 -rational,[
0∗

H𝑑+1
𝔐

(R )

]
−( (𝑑−1) (𝑙+1)−1)

= 0

for all 𝑙 ≫ 0, so by Lemma 3.15, we see that𝑋0𝑋
𝑙
1 ∈ 𝔪𝑙+2 + 𝐼 [ (𝑙+1) ] for all 𝑙 ≫ 0. Then 𝑥0(𝑥1𝑥2 · · · 𝑥𝑑 )𝑙 ∈

𝔪𝑑𝑙+2 + 𝐼 [𝑙+1]. So 𝑥0 ∈ (𝔪𝑑𝑙+2 + 𝐼 [𝑙+1]) : (𝑥1𝑥2 · · · 𝑥𝑑 )𝑙 ⊆ 𝔪2 + 𝐼 ⊆ 𝐼 , which is a contradiction. (Use
an argument as in the proof of Proposition 3.9.) This is a contradiction. Hence𝑚 ≤ 3 or 𝑛 ≤ 5. Using
Theorem5.1.1, wemaywrite𝑔 = 𝑈1(𝑋 3

1 +𝑈2𝑋1𝑋
𝑚
2 +𝑈3𝑋

𝑛
2 +𝐻3) for some𝐻3 ∈ (𝑋3, · · · , 𝑋𝑑 )k[[𝑋1, · · · , 𝑋𝑑 ]]

and𝑈2,𝑈3 that are either invertible or zero but not zero simultaneously. Let

𝑅 :=
𝑅

(𝑋3, · · · , 𝑋𝑑 )
≃ k[[𝑋0, 𝑋1, 𝑋2]]

(𝑋 2
0 +𝑈1𝑋

3
1 +𝑈1𝑈2𝑋1𝑋

𝑚
2 +𝑈1𝑈3𝑋

𝑛
2 )
.

By Lemma 6.2, 𝑅 is 𝐹 -rational. As in the earlier case, use [HWY02, Theorem 3.1] and Lemmas 5.1.2
and 6.4.
It remains to prove the claim (6.6). If 3𝛼+𝛽 ≤ 𝑞−1 and 3𝛼+𝛽+𝑚𝛽+𝑛𝛾 ≤ 2𝑞−1, then (𝑞+4−(3𝛼+𝛽))+

(𝑚 − 4)𝛽 + (𝑛 − 6)𝛾 ≤ 0; which gives a contradiction. Hence either 3𝛼 + 𝛽 ≥ 𝑞 or 3𝛼 + 𝛽 +𝑚𝛽 +𝑛𝛾 ≥ 2𝑞.
In either case,𝑋 3𝛼+𝛽+𝑙𝑞

1 ℎ
𝛽

1 ℎ
𝛾

2 ∈ 𝐼 (𝑙+2)𝑞 + 𝐼 [ (𝑙+1)𝑞 ]. □

Proposition 6.7. Let (𝑅,𝔪) be a three-dimensional Gorenstein 𝐹 -finite 𝐹 -rational complete local domain of char-
acteristic 𝑝 ≥ 7 with an infinite residue field. Suppose that Proj R (𝔪) is 𝐹 -rational and thatR (𝔪) is Cohen-
Macaulay. ThenR (𝔪) is 𝐹 -rational.

Proof. SinceR (𝔪) is Cohen-Macaulay, the reduction number 𝑟 (𝔪) is at most 2.
Case I: 𝑟 (𝔪) = 0. Then 𝑅 is a regular local ring; henceR (𝔪) is 𝐹 -rational.
Case II: 𝑟 (𝔪) = 1. ThenR (𝔪) is Gorenstein [HRZ94,Theorem4.4]. Consequently𝑅 is a hypersurface

with multiplicity 𝑒 (𝑅) = 2 [HRZ94, Corollary 4.5]. Now use Proposition 6.5.
Case III: 𝑟 (𝔪) = 2. As we observed in Remark 2.3.2R (𝔪) is normal. Now apply Corollary 4.2. □

Proof ofTheorem 1.5. (1): Follows from Proposition 6.5.
(2): Follows from Proposition 6.7. □
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It is not difficult to find examples of non-𝐹 -pure (even non-𝐹 -injective) hypersurfaces (𝑅,𝔪) such
that Proj R (𝔪) is 𝐹 -rational but R (𝔪) is not. E.g., look at generic homogeneous polynomials in 𝑑
variables with degree at least 𝑑. Below, we give an example of an 𝐹 -pure hypersurface (𝑅,𝔪) such that
Proj R (𝔪) is 𝐹 -rational butR (𝔪) is Cohen-Macaulay, normal but not 𝐹 -rational or 𝐹 -injective. It also
shows that some hypothesis on the characteristic is necessary in Proposition 6.5.

Example 6.8. Let k is an algebraically closed field of characteristic 2, 𝑆 = k[[𝑋,𝑌, 𝑍,𝑊 ]], 𝑓 = 𝑋 2 +
𝑋𝑌𝑍𝑊 + 𝑌 3 + 𝑍 3 +𝑊 3 and 𝑅 = 𝑆

(𝑓 ) . Write𝔪 = (𝑋,𝑌, 𝑍,𝑊 )𝑅 and 𝐼 = (𝑌, 𝑍,𝑊 )𝑅. Then we have the
following:

(1) The singular locus of 𝑅 is {𝔪}. Since 𝑓 ∉ (𝑋 2, 𝑌 2, 𝑍 2,𝑊 2)𝑆, 𝑅 is 𝐹 -pure by [Fed83, Proposi-
tion 1.7]. On the other hand,𝑋𝑞 ∈ (𝑋𝑌𝑍𝑊 )

𝑞

2 𝑅 + 𝐼 [𝑞 ] for all𝑞 ≥ 2. Apply induction on𝑞 to show
that

𝑋𝑋𝑞 ∈ 𝑋𝑋
𝑞

2 (𝑌𝑍𝑊 )
𝑞

2 𝑅 + 𝐼 [𝑞 ] ⊆ (𝑌𝑍𝑊 ) [
𝑞

2 ]𝐼 [
𝑞

2 ] + 𝐼 [𝑞 ] ⊆ 𝐼 [𝑞 ]

for all 𝑞 ≥ 2. (The second inclusion is by inductive hypothesis.) Hence 𝑋 ∈ 𝐼 ∗ ∖ 𝐼 , so 𝑅 is not
𝐹 -rational.

(2) The associated graded ring𝐺 := 𝐺 (𝔪) is Gorenstein; its 𝑎-invariant is −2. HenceR := R (𝔪)
is Gorenstein, and, in particular, CohenMacaulay. The reduction number 𝑟𝐼 (𝔪) is 1, i.e., 𝐼𝔪𝑛 =

𝔪𝑛+1 for each 𝑛 ≥ 1.
(3) We now show that Proj R is 𝐹 -rational. For this, it suffices to show thatR is 𝐹 -rational except

at its homogeneous maximal ideal𝔐. SinceR is Cohen-Macaulay, it would then follow thatR
is normal.
(a) For all 𝑎 ∈ 𝔪,R𝑎 ≃ 𝑅𝑎 [𝑡] is regular.
(b) R𝑦𝑡 �

k[𝑋,𝑌,𝑍,𝑊 ]
(𝑋 2+𝑌 (𝑋𝑌𝑍𝑊 +1+𝑍 3+𝑊 3 ) ) . Its non-regular locus is definedby (𝑋,𝑌, 1+𝑍

3+𝑊 3). Choose
𝛼, 𝛽 ∈ k be such that 1 + 𝛼3 + 𝛽3 = 0. It is enough to show localization ofR𝑦𝑡 at (𝑋,𝑌, 𝑍 −
𝛼,𝑊 − 𝛽) is 𝐹 -rational.
Replacing𝑍 by𝑍 +𝛼 and𝑊 by𝑊 +𝛽, it is enough to show that𝐴 := k[𝑋,𝑌,𝑍,𝑊 ]

𝑔
is 𝐹 -rational,

where

𝑔 = 𝑋 2 + 𝑌 (𝑋𝑌 (𝑍 + 𝛼) (𝑊 + 𝛽) + 1 + (𝑍 + 𝛼)3 + (𝑊 + 𝛽)3)
= 𝑋 2 + 𝑌 (𝛼2𝑍 + 𝛽2𝑊 ) + 𝑋𝑌 2(𝑍 + 𝛼) (𝑊 + 𝛽) + 𝑌𝑍 2(𝑍 + 𝛼) + 𝑌𝑊 2(𝑊 + 𝛽) .

Let 𝐼 = (𝑌, 𝑍,𝑊 )𝐴; it is a minimal reduction of (𝑋,𝑌, 𝑍,𝑊 )𝐴, with 𝐼 (𝑋,𝑌, 𝑍,𝑊 )𝑛𝐴 =

(𝑋,𝑌, 𝑍,𝑊 )𝑛+1𝐴 for each 𝑛 ≥ 1. Hence it is enough to show 𝑋 ∉ 𝐼 ∗. By way of contra-
diction, assume that𝑋 ∈ 𝐼 ∗. Then there exist a nonzero element 𝑐 such that 𝑐𝑋𝑞 ∈ 𝐼 [𝑞 ] for
all 𝑞 ≫ 1. Note that 𝑐𝑋𝑞 = 𝑐 (𝑋 2)

𝑞

2 ≡ 𝑐𝑌
𝑞

2 (𝛼𝑞𝑍𝑞/2 + 𝛽𝑞𝑊 𝑞/2) mod 𝐼 [𝑞 ] for all 𝑞 ≫ 1.
Hence 𝑐𝑌

𝑞

2 (𝛼𝑞𝑍𝑞/2 + 𝛽𝑞𝑊 𝑞/2) ∈ 𝐼 [𝑞 ]. Since 𝑌, 𝑍,𝑊 is a regular sequence, we see that
𝑐 (𝛼𝑞𝑍𝑞/2 + 𝛽𝑞𝑊 𝑞/2) ∈ (𝑌

𝑞

2 , 𝑍𝑞,𝑊 𝑞) for all 𝑞 ≫ 1. Since 𝛼3 + 𝛽3 = 1, assume, without
loss of generality, that 𝛼 ≠ 0. Use a similar argument to see that 𝑐𝛼𝑞 ∈ 𝐼 [

𝑞

2 ] for all 𝑞 ≫ 1,
which is a contradiction. HenceR𝑦𝑡 is 𝐹 -rational.

(c) SinceR𝑦𝑡 � R𝑧𝑡 � R𝑤𝑡 , all these rings are 𝐹 -rational. Since𝔐 =
√
𝔪R + 𝐼𝑡R it follows

that Spec R ∖𝔐 is 𝐹 -rational.
(4) Since 𝑅 is not 𝐹 -rational, R is not 𝐹 -rational by [HWY02, Corollary 2.13]. One can also see it

using Remark 3.18 and the inclusions

𝜏 (𝔪) ⊆ 𝜏 (𝑅) ⊊ 𝑅 = [𝜔R]1.

(The first one is a standard property of test ideals, the second holds since 𝑅 is not 𝐹 -regular, the
final one holds sinceR is Cohen-Macaulay and 𝑎(𝐺) = −2.)

(5) We now observe thatR is not 𝐹 -injective, and, therefore, not 𝐹 -pure. By way of contradiction,
suppose thatR is 𝐹 -injective. Since Proj R is 𝐹 -rational andR is not 𝐹 -rational,𝑀 := 0∗

H𝑑+1
𝔐

(R )
is a non-zero module of finite length. Let 𝜉 ∈ 𝑀 be a non-zero element of minimum degree.
SinceR is Cohen-Macaulay, deg 𝜉 < 0. By the 𝐹 -injectivity ofR, we see that 𝜉𝑝 ≠ 0. Since𝑀 is
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closed under the application of the Frobenius map, we get a contradiction of the minimality of
deg 𝜉. HenceR is not 𝐹 -injective.
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