BLOW-UP RINGS AND F-RATIONALITY
NIRMAL KOTAL AND MANOJ] KUMMINI

ABSTRACT. In this paper, we prove some sufficient conditions for Cohen-Macaulay normal Rees algebras
to be F-rational. Let (R, m) be a Gorenstein normal local domain of dimension d > 2 and of characteristic
p > 0. LetI be an ideal generated by a system of parameters. Our first set of results give conditions on the
testideals 7(I"), n > 1 which would imply that the normalization of the Rees algebra R[It] is F-rational.

Another sufficient condition is that the socle of Hd (G) (where G is the associated graded ring for the
integral closure filtration) is entirely in degree —1, 1f Ris F-rational (but not necessarily Gorenstein). Then
we show that if R is a hypersurface of degree 2 or is three-dimensional and F-rational and Proj(R[mt]) is
F-rational, then R[mt] is F-rational.

1. INTRODUCTION

Let (R, m) be a d-dimensional excellent local domain of prime characteristic p > 0, whered > 2.
Let I be an m-primary ideal. Write Z(I) for the Rees algebra @,cyI" and Z(I) for its normalization.
In this paper, we prove some sufficient conditions for Z(I) to be F-rational. These are motivated by
results of N. Hara, K.-i. Watanabe and K.-i. Yoshida [HWY02], Hara and Yoshida [HY03], M. Koley and
the second author [KK21] and the analogous results of E. Hyry [Hyr99] in characteristic zero.

Our first result is the following converse to [HY03, Theorem 5.1]. For an R-ideal a, r(a) is the test ideal
of a [HYO03, 1.9].

Theorem 1.1. Let (R, m) be a Gorenstein normal local domain of dimension d > 2 and of characteristicp > O.
Let I be an R-ideal generated by a system of parameters such that Z (1) is Cohen-Macaulay. If r(I") = I" : [4-1
forallintegers1 < n < d — 1, then % (I) is F-rational.

Using Lemma 3.15, we immediately obtain the following:

Corollary 1.2. Write I for the unique homogeneous maximal ideal of Z (I). If

or Y
[ HEN(Z (D) |
foralll < n <d—1,then Z(I) is F-rational.

As a corollary of some of the arguments that go into the proof of Theorem 1.1, we get the following
proposition.

Proposition1.3. Let (R, m) be Gorenstein normal local domain of dimension d > 2 and of characteristic p > O.

Let I be an R-ideal generated by a system of parameters such that % (I) is Cohen-Macaulay and the associated graded
ring G = G%zo% is Gorenstein. Write a for the a-invariant of G.

(@) Ifr(I"*') = R, then Z(1I) is F-rational.
(2) If#(1) is F-rationaland a < -2, thent(I") = Rforall0 < n < —a-1.

The next proposition overlaps with Proposition 1.3 (1) when G is Gorenstein with a(G) = —1.
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2 NIRMAL KOTAL AND MANOJ] KUMMINI

Proposition1.4. Let (R, m) be a d-dimensional F-rational domain of characteristic p > O and I an m-primary
ideal such that % (I) is Cohen-Macaulay. Let G := 69,,201%. Assume that

soc (H%+ (5)) c [H%+ (5)] N
Then Z(1) is F-rational.

A consequence of [Hyr99, Theorem 1.5] is the following: Let (A, a) be an excellent local normal do-
main of characteristic zero and b an a-primary ideal of A. Assume that the the normalized Rees algebra
B = @pcnb” is Cohen-Macaulay. Then B has rational singularities if and only if Proj B has rational
singularities. We wonder whether the following prime-characteristic analogue is true. Assume, with
notation as in the top of this section, that R is additionally F-rational; if Proj Z (I) is F-rational, is Z(I)
F-rational? In this context, we have the following.

Theorem 1.5. Let (R, m) be a complete F-finite normal domain of characteristic p > 7 and with an infinite residue
field, satisfying one of the following:

(1) Risa hypersurface of dimensiond > 2 and of multiplicity 2;

(2) Risathree-dimensional Gorenstein F-rational ring.

Suppose that % (m) is Cohen-Macaulay and that Proj % (m) is F-rational. Then % (m) is F-rational. Addition-
ally, in (1), R is F-rational.

This paper is organized as follows. In Section 2 we collect relevant definitions and facts about Rees
algebras, tight closure and test ideals. Theorem 1.1 is proved in Section 3. Proposition 1.3 and other
corollaries of Theorem 1.1 are proved in Section 4. Section 5 contains some background information for
the proof of Theorem 1.5, which is given in Section 6.

Acknowledgements. We thank the referee for helpful comments.

2. PRELIMINARIES

All the rings we consider in this article are excellent. The letter p denotes a prime number. When used
in the context of the Frobenius map and singularities in prime characteristic, ¢ denotes an arbitrary
power of p.

We now collect results on Rees algebras and singularities in prime characteristic that will be required
in the proofs.

2.1. Local cohomology. Let RbearingandI = (r,...,r,) be an R-ideal. Then the elements of H}"(R)

are the residue classes of the fractions ﬁ, a € Rand! > 1, modulo the m-boundaries in the
extended Cech complex é.(rl, ..osrm). When ry,...,ry, is a regular sequence, the class of ﬁ is
zeroifandonlyifa € (rll, e rfn); see [LT81, Proof of Theorem 2.1, p. 104-105].

2.2. Reesalgebras. Let Rbe aring. A filtration of R is a sequence 7 := (I,),en of R-ideals I, such that
Io=R I, C1I,and 1,1, C I+, forall n,m € N.

The Rees algebra of I is the graded subring

R(I) = @Int"

neN
of R[¢t] (¢t being an indeterminate) with degr = O for eachr € Rand degt = 1. Let I be an ideal of R.
We write Z(I) for the Rees algebra for the I-adic filtration, i.e., the one with I,, = I" for each n. We say
that a filtration 7 is I-admissible if | C I and #(T) is a finitely generated % (I)-module. By Z(I) we
mean the integral closure of Z(I) in R[¢]. It is the Rees algebra of the filtration (I*),,c, where for every
R-ideal J, J denotes its integral closure. Since R is excellent, the filtration (I*),,cy is I-admissible.
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BLOW-UP RINGS AND F-RATIONALITY 3

A reduction of a filtration I is an R-ideal I C [ such that T is I-admissible. A reduction of an ideal I
is a reduction for the I-adic filtration of R. A reduction I of 7 is minimal if it is minimal with respect to
inclusion. If Ris alocal ring with maximal ideal m and R/m is infinite, then every minimal reduction of
7 is minimally generated by dim(Z% (1) ®g R/m) elements. In particular, if [; is m-primary, then every
reduction of 7 is minimally generated by dim R elements. For a reduction I of 7, the reduction number
ri(T) is the minimum of the integers r such that I,,;; = II,, for alln > r. When I is the I-adic filtration
(for some R-ideal I) and J is a reduction of I, we write rj(I) = rj(1).

The associated graded ring of a filtration I’ = (I,)isG(I') = €D, % When 7 is the [-adic filtration,
we write G(I) = G(I);when I = (I"),»0, we write G(I) = G(I).

We now collect some statements about the local cohomology modules of Rees algebras. Recall that
for a noetherian graded ring S = ®,,50S, with Sy local, the a-invariant a(S) of S is

max(j | [H{™5(5)| #0}

where 1 is the unique homogeneous maximal ideal of S. If S is a Z-graded ring with unique homoge-
neous maximal ideal n and M is a graded S-module, the socle of M, denoted soc M is (O :p 1).

Theorem 2.2.1. Let (R, m) be a d-dimensional Cohen-Macaulay local ving and I an mi-primary ideal. Let I be
an I-admissible filtration.
(1) [GN94, Lemma3.3]a(#Z (1)) = -1.
(2) [GN94, Corollary1.2] Z(I') is Cohen-Macaulay ifand only if G(I') is Cohen-Macaulay and a(G(I')) <
0.

In some cases, there is the following relation between the a-invariant and the reduction number,
which can be proved similar to [Tru87, Proposition 3.2]. (The second assertion follows from the first
and Theorem 2.2.1(2).)

Proposition 2.2.2. With notation asin Theorem 2.2.1, assume that G (I') is Cohen-Macaulay. Let I be a minimal
reductionof I. Thenry (1) = a(G(T)) + d. In particular, if #(I') is Cohen-Macaulay, thenr;(I') < d — 1.

Write %’ (1) for the extended Rees algebra &,cz[,t" (where I, := Rwhen n < 0). W. Heinzer,
M.-K. Kim and B. Ulrich [HKU11, Theorem 6.1] gave a description of wg (7). Together with [KK21, Dis-
cussion 3.1], we get the following proposition.

Proposition 2.2.3. Let (R, m) be a Gorenstein local ring, of dimensiond > 2. Let I be an ideal generated by a
system of parameters and I be an I-admissible filtration. Writer = ri(Z). If Z(I) is Cohen-Macaulay, then
[w%([)]n = I" : Iy_; foreachn > 1. If, further, G(I') is Gorenstein, then [(u«@(])]n = Iyiq+1 Wherea =
a(G(1)).

Proof. By [HKU11, Theorem 6.1(1)],

[0)%’([)]” — In—(d—1)+r .1

for each n. Since %(I) is Cohen-Macaulay, r < d — 1 (Proposition 2.2.2),so I" : I;_; = I" : [~V =
[r=(d=D+r . [ By [KK21, Discussion 3.1], for eachn < 0,
|G| = gt @]

where I and M’ are the maximal homogeneous ideals of (1) and %’ (I') respectively. (In each nega-
tive degree, the middle vertical map in the commutative diagram in [KK21, Discussion 3.1] is the identity
map, and, therefore, so is the map y.) Applying the graded Matlis duality functor Homg(—, E) (where E
is the injective hull of the R-module R/m) we see that for eachn > 0,

o)), = 0wz m)], =T": Ia.
& (1)

Assume further that G(I') is Gorenstein. Then wg(r) = G(I)(a). Since G(I) = T it follows that
W' (I) =% (I)(a+1). O
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4 NIRMAL KOTAL AND MANOJ] KUMMINI

2.3. Prime characteristic notions. Let R be a ring of prime characteristic p > 0. For anideal I C R,
119) denotes the ideal generated by g-th power of elements of I. Let F : R — R be the Frobenius map
r — rP. The ring R viewed as an R-module via F¢ : R — Ris denoted as °R. Let M be an R-module and
write F¢(M) = ‘R®g M. For x € M, its image in F¢(M) under the natural map M — ‘R®g M is written

as xP°. For a submodule N C M, the image of F¢(N) in F¢(M) is denoted by N]\[fe] . Write

R° =R~ U p.

peMinR

Let a be an R-ideal and N € M R-modules. The a-tight closure of N in M (introduced by N. Hara and
K.-i. Yoshida [HY03, Definition 1.1]) is

N;1 == {z € M | there exists ¢ € R° such that ca?z? C NIE,?] forall g > 1}.

When a = R, this is the same as the tight closure defined by M. Hochster and C. Huneke[HH90]; we
then write N}, for N;X. When M = Rand N = I an R-ideal, we write I** and I"* respectively. We say that
N is tightly closed in Mif Ny, = N.

Definition 2.3.1. We say that a local ring R is F-rational if an ideal generated by a system of parameters
is tightly closed. We say that a ring R is F-rational if Ry, is F-rational for each maximal ideal m of R. Say
that a scheme X is F-rational if it has an open cover by the spectra of F-rational rings.

We have used [HH94, Theorem (4.2)] to give the above definition of F-rationality. Moreover, the same
theorem also shows that all F-rational rings are normal, and those that we consider in this paper are
Cohen-Macaulay. A Gorenstein local F-rational ring is weakly F-regular, i.e., all ideals are tightly closed.

It is known that a Cohen-Macaulay ring R is F-rational if and only if O;—Id ® = 0 [Smi97, Theorem 2.6].

Suppose that Z(I') is Cohen-Macaulay. Then by a similar argument, % (1) is F-rational if and only if
Ongr ) = °

Remark 2.3.2. A Cohen-Macaulay domain of dimension at least two that is regular in codimension one
is normal. Suppose that Z(I) is Cohen-Macaulay and that Proj % (7) is F-rational. As discussed in
[KK21, Lemma 3.5], Spec Z(I) \ {M} (where IM is the homogeneous maximal ideal of Z (7)) is F-
rational. Therefore % (1) is normal. O

An element ¢ € RO is called a-test element if for every ideal I of Rand forall z € R, z € I** if and only
if cz9a9 C 119 for all ¢ > 1. An R-test element is a test element. An element ¢ € R is called a parameter
test element if for every R-ideal I generated by a system of parameters and for all z € R, z € I* if and only
if cz4 C 119 forall ¢ > 1. The test ideal 7(a) is (;cg(I : I**). If (R, m) is a d-dimension normal and
Gorenstein local ring, then

(2.3.3) 7(a) = Anng (0¥ = ﬂ(x{, o xh) R (L, xh)

t>1

where xi, ..., x4 is a system of parameters and E is the injective hull of R/m. Recall that E ~ H% (R) ~
lim -
We summarize some results from [HYO3, Proposition 1.11 and Theorem 2.1] that are relevant in this

paper.
Theorem 2.3.4. Assume the above notation. Let a, b be R-ideals. Then:

(1) az(b) C r(ab).
(2) Ifb C a, thent(b) C (a). Moreover, ifa N R° # 0 and b is a reduction of a, then 7(b) = 7(a).
() IfRisaweakly F-regular ring, thena C 7(a).
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BLOW-UP RINGS AND F-RATIONALITY 5

3. PROOF OF THEOREM 1.1

Setup 3.1. Let (R, m) be an excellent, Cohen-Macaulay, normal local domain of dimension d > 2 and
of characteristicp > 0. LetI = (fi,---, fy) be a parameter ideal, thatis fi,- - - , f; is a system of pa-
rameters (and hence a regular sequence). Let f = fi--- fy. Set Il .= (fL--. ,fdl) for I > 1. Denote

the Rees algebra R[It] (respectively R[It]) by Z (respectively Z). M (respectively ) to be the unique

homogeneous maximal ideal of Z (respectively Z). G is the associated graded ring Bso = =k

The following proposition is similar to those in [VV78]. We could not find a proof of the statement as

we need it below, so we give a proof.

Proposition 3.2. Assume Setup 3.1and that G is Cohen-Macaulay. Then forallk > Oandl > O, Tk Al =
T,

Proof. For brevity of notation, we write x; for the image of f; in Gp. Leta;,1 < i < dbe elements of R
such that 3¢ a;f! € IF*, Let ky be such that (ay,...,a4) € IM \ IM*1, Let @;,1 < i < d be the images of
the g; in Ekl. (We write g; instead of a} since not all the a; might be in I% \ Tk+1.) We may assume that

k1 <k.
Let (K., ds) (respectively, (K], 8)) be the Koszul complex on the fl.l on R (respectively, the xf on G).
Note that x, . . ., x4 is a regular sequence on G. Therefore
a
a
€ ker 6; = Im 6,.
aq

Hence there exist by, . . ., b(d) € Ix~! such that
2

a IZI
ap bZ
= (52 .
7 b
4d (%)
Definea,1 < i <dby
a{- a;
a; ay
’
4] laa b(d)
Note that ] € I¥*! for all i. Moreover,
a{ ag
a’ ay,
1 2 1
Za;fi:al =] :Za’fi'
i ’ : i
ad aq
Repeating this argument, we can find G; € I* such that ¥, a; f! = ¥, dif!. ]

Discussion 3.3. Assume Setup 3.1. Then I/ i 1 = [4-n=d+1 4 [l forall n > 1; see, e.g., [HYO3,
Lemma 2.11]. Using this, Hara and Yoshida [HY03, Theorem 2.7] showed that

3.4) U™ ={z€eR: thereexists anonzero c € R such that ¢z € [(¥="4 4 1114] for o)) q > 1}.
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6 NIRMAL KOTAL AND MANOJ] KUMMINI

Letz € R, c € R\ {0} and g be such that cz9 € I(@-ma 4+ [114] Letr = r;((I"),50). Thenforalln’ > 0O,
I+ C 1" Letc; € I" \ {0}. Then

ciczd € I'[(di=mq 4 [llal ¢ p(dl=mq 4 yliq],
Therefore,

3.5 07 {z € R : there exists a nonzero ¢ € R such that cz? € I(@-mq 4 1] for all g > 1},

where I, n > 1such thatdl — n > 1. In particular,

(3.6) 1di—n 4 gl < "

foralll,n > 1suchthatdl —n > 1.

Discussion3.7. We now make some observations about H’% (%) that are analogous to those in [HWYO02,

Subsection 1.3, Lemma 2.8, Corollary 2.9] about H% (#). Assume that R is Cohen-Macaulay. Let

n € Z. Then
[, @], = {| e

Assume now that n > 1and consider the exact sequence

:lZO,dl+nZO,a€Idl+”}.

(3.8) 0 — [H%(@)]_n Py Hd (R —— [H;ﬁf@)]_n — 5o

(The existence of such an exact sequence can be proved in a way similar to [HWY02, Lemma 2.7].) The
map ¢_, in (3.8) is [j%t_”] " [7,] I o

Proposition 3.9. Assume Setup 3.1 and that % is Cohen-Macaulay. Suppose that I, n are positive integers such
thatdl —n > 1. Then foralla € R, [fi,] t" € Im(¢_,) ifand onlyifa € [9l-n + 11,

Proof. ‘If’ follows from Discussion 3.7. For ‘only if’, let a € R be such that

i

Then there exist m > 0 and b € I4m-" such thatdm —n > O and

el )

7" e Im(¢p_p).

We see that
a_b
o
is a boundary in C (£, ..., fi;R). Without loss of generality, m > I. Therefore there exists N > m such
that
a b _ 2i aiﬁN
fro N

Hence fN""(af™! —b) € [Nl so af™~! € [dm=n 4 [Im] From this we want to conclude that

aedl-n gl

We may apply induction on m — [ and assume thatm = [ + 1.

Let k be such that a € I* \ I**1. We may assume that k < dI — n. Further applying induction on
dl — n — k, we may further assume that

(3.10) ((1d+1=n 4 1Dy £y o [K ¢ pdi=n 4 gl
forallk’ withk < kK’ < dl —n.
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BLOW-UP RINGS AND F-RATIONALITY 7

Write
d
(3.11) af =b+ ) aiff*
i=1

where b € [4(#)-n and q; € Rforall1 < i < d. By Proposition 3.2, we may assume that a; € [k+d-I-1
forall1 <i<d.

Write x; for the image of f; in G; and x = x; - - - x4. Since G is Cohen—Macaulay, the x; form a regular
sequence onit. Then we get a map between the Koszul co-complexes K* (xf, e G) — K* (xl+1 e

e 3 G(d-2)D)) — 5 G(d - —2Y 5 G(dl) —— 0

! i I

3 Gd-2)(1+1)®) — G(d-D+1) L Gd(1+1) —> 0
Note thatdega*x = k+d < d(I+1) — n = deg b*,_so from (3.11) we see that a*x € Im oY ie. itis
boundary. Hence it gives the zero element in H% (G). Since G is Cohen-Macaulay, all the maps in the
directed system
HY(K*(xf, ..., x5;G)) — HUK (=M, .. x}56))

are injective, so a* too is boundary, i.e., a* € Ima"). L., there exist ay, . . ., g € R such that

a ::a—Za,-fil € [k
i

Note that @’ f — af € I so by (3.10), @’ € I4/-n + [I!] Hence a € [4I-n 4+ 1], O

Discussion 3.12. Since R is an excellent normal domain, its singular locus is a proper closed subset of
Spec R, so there exists ¢ € RO such that R, is regular, and, a fortiori, F-rational. Then (%), ~ (%) ~
R.[t] is F-rational; use [Vél95, Proposition 1.2]. Hence by [\Lél95, Theorem 3.9], we see that there exicsts
N such that ¢V is a parameter test element for R, # and . In particular, I contains parameter test
elements for R, #Z and %.

Let ¢ € I a parameter test element for R and 2. Then for all n > 1, we have, from (3.8), the following
commutative diagram:

0 — [H%(@)]_n Py gl (R —— [Hg;@)]_n — 0

(3.13) lc Fe lcFe \LcFe

0 — [HL @] iR — [m@] —— o
2 g

O

—ng

Lemma 3.14. Let (R, m) and I be as in the Setup 3.1. Then foreachn > landl > 1, I1#1 (LI (U
(U

Proof. Letn > 1and ! > 1. Note that I#1] ; £ = [/l since f;, f;,- - - , fy is a regular sequence. Hence we
have the following sequence of inclusions:

ﬂ[l]*’" c i,
fI[l]*I" (111 gl ) c [l (1111 _I[l+1j*f") c i+l
" (111 i ) o Lo I (U

Therefore I+, [+ < i, (11" -
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8 NIRMAL KOTAL AND MANOJ] KUMMINI

Lemma3.15. Let (R, m) and I as in the Setup 3.1. Suppose that # is Cohen-Macaulay. Fix n > 1. Consider the

following statements:
(1) Hd+1(]):| ), =0.
) 1 = = [dl-n + I forall I such thatdl — n > 1.

@ 1" = di=n 4 [ forall | > 0.
@ t(I") =1": 191,
Then (1) < (2) < (). If, additionally, R is Gorenstein, then (3) < (4).

Proof. (1) = (2): Letlbesuchthatdl—n > 1. Inview of (3.6), we need to show that 111" ¢ qal=n4 11,

Leta € II"" . Then there exists a non-zero ¢ € R such that ca? € 1@-m4a 4 [lla] ¢ [(di-n)q 4 [ll4] for
all g > 1, by (3.4). Hence by Proposition 3.9,

pe
(3.16) CF® (l}% ‘”) = l;‘;p} £ € Im e

forall e > 0. Multiplying ¢ by a parameter test element in I for R and Z (Discussion 3.12), we may

assume that c is a parameter test element. Consider the element []%] t™" € HE (R)t~" and its image &

in [H%’I (@)] _n. From (3.16) and the commutative diagram (3.13), we see that cF¢(&¢) = O foralle > O.

o* -n (dl-n) [1]
Hence ¢ € [ b (7 1t™" € Im(¢—,). Thereforea € T + It

(2) = (3): Immediate.

} and thus £ = 0. So [J%

(3) = (:Letée |0 141 (7)

] . Leta € Rand ! € N be such that & is the image of the element
m -n

fl}t " e HY (Rt
afl,

Since [}%] = [fm, ] in HZ (R) forall ' > 0, we may assume that [ is sufficiently large. Now cF¢ (&) =

forall e > 0. From the commutative diagram (3.13), we see that
ca
[fl } £ € Im(¢-ng)
so by Proposition 3.9 and (3.5), a € III"". However, I11"" = Idl-n 4 [1!] by hypothesis. Therefore

[J%] € Im(¢_,) and so & = 0.
We now prove (3) &= (4) assuming that R is Gorenstein. Note that

(3.17) It (19!~ n+l[l]) =l pdi-n — (I[l] Jdl-n- d+1) 7d-1 = (I[l] +IM) Jqd-1—n . d-1

foralll > n. (We have used the fact that I [dl=n = [di-n-d+11d-1 \which in turn, follows from the fact that
ri(I) < d—1, by Proposition 2.2.2.) It immediately follows that if we assume (3), then, using (2.3.3) and

Lemma 3.14,
() = ()1 % (U Uy EY
1>1
Conversely assume (4). In view of (3.6), we need to show that (U c 1di-n 4 111 for all [ > 0. Or,
equivalently, using (3.17), that (YU S I" : [4-1forall | > 0. This follows from (2.3.3). O

Remark 3.18. Adopt the notation and hypotheses of Theorem 1.1. By [HY03, Theorem 2.1], Id_‘lr(l ") C
t(I™4=1) C I". Hence r(I") C [a@]n, using Proposition 2.2.3. Thus, together with [HY03, Theo-

rem 5.1], Theorem 1.1 implies that R is F-rational if and onlyif r(I") = [(ug] ; foralln > 1.
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BLOW-UP RINGS AND F-RATIONALITY 9

Proof of Theorem 1.1. We first show that 7(I") = I" : I foreachn > 1. By hypothesis this holds for all
1 < n <d-1 Nowassume thatn > d, by induction, that r(I"*) = I" : [¢-1, which, in turn, equals
[a)@] . Therefore

(") € |og],,, =1 oz], =Ir(") € 1™,

using Remark 3.18, [HyrO1, Proposition 3.2], the induction hypothesis and Theorem 2.3.4(1).
We now see from Lemma 3.15 that

[OHGM(%)] =0

M —-n

foralln > 1. Since the a-invariant a(@) is =1 (Theorem 2.2.1 (1)), it follows that
0 .. — =0

H%I(ﬁ)

Hence Z is F-rational. O

Remark 3.19. We now give a minor generalization of Theorem 1.1. Suppose, more generally, that I has
areduction J generated by a system of parameters. Assume the remaining hypothesis on I from Theo-
rem1.1. Let1 < n <d —1. Then

t(I") = t(J") C J" g J4 C I" g [9-1 = ¢(I).

(The first equality and third inclusion hold since J" is a redt&tion of I"; the second is from Remark 3.18;
the last equality is by hypothesis.) Therefore 7(J") = J" :g J4-1. Hence Z(I) = #(]) is F-rational. O

4. COROLLARIES

In this section, we prove some corollaries of the results of the previous section. Throughout this
section, we will assume that (R, m) and I are as in Setup 3.1. We start with the proof of Proposition 1.3.

Proof of Proposition 1.3. (1): Assume that 7(I7%!) = R. By Remark 3.18, we need to show that [w] . S
7(I") for each n > 1. Since G is Gorenstein and a < 0, we see that R is Cohen-Macaulay (Theo-

rem 2.2.1 (2)), and that [a)g]n = ["+atl for all n > 1 (Proposition 2.2.3). Therefore we will show that
e+l C o(1") for all n > 1. Since

4.1) (I Y cr(I'™?) c---Cr(R)

we may assume that n > —a. In view of (2.3.3) and Lemma 3.14, we will take [ > 0 and show that
Trvadl c il "

Letz € " forsomen > —a—1andl > 1withdl—n > 1. Then there exists a nonzero ¢ € Rsuch that
cz? € [(d-may [llal forall g > 1. Multiplying by (I"+a+1)[4] we see that c(zIm+a+1)l9] C [(dl+a+1)q 4 llq]
for all ¢ > 1. This implies that zI"+e+1 C [T 2 qdivas 111 where the last equality is due to
Lemma 3.15. (Note that statement (1) of Lemma 3.15 holds with n = —(a + 1).) By Proposition 2.2.2
[di+a+l — [dl-d+lja+d Hence z[m*atl ¢ [dl-d+ 4 [l1] — 1111 p other words, In+a+l ¢ [l . 1™ This
completes the proof of the first assertion of the proposition.

(2): Assume that Z is F-rational and thata < —2. By (4.1) it suffices to show that r(I"%7!) = R. Since
Z is F-rational, we see from Remark 3.18 and Proposition 2.2.3 that r(I"¢"") = [a)@] gy =aetl =

R. (Note that, by hypothesis, G is Gorensteinand —a — 1 > 1.) |

Corollary 4.2. Suppose that R is a three-dimensional Gorenstein F-rational ring and that I is a reduction of m
generated by a system of parameters. Let I = (m™),cn. Assume that ry(I) = 2. Then Z is F-rational.

Proof. By [HKUI1, Corollary 4.4] G is Gorenstein. Further, a(G) = dim R — r;(I) = —1. Now use Propo-
sition 1.3. =
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10 NIRMAL KOTAL AND MANOJ] KUMMINI

Proof of Proposition 1.4. Write %’ = R[It,t™'] and %" for its normalization. By [KK21, Theorem 1.1], We
need to show that %" is F-rational. Write I’ for the homogeneous maximal ideal of %”. From the exact
sequence

R -1 —
O—>%’(1)t—>¢%”—>G—>O
we see that foreachn € Z,

12,0, = e )

n+l

(Note that VI'G = +/G, and this equals the homogeneous maximal ideal of G.) It follows that
d+1 / d+1 ’
soc (Hgﬁ, (%' ) [H (% )]o
Arguing as in [KK21, Discussion 3.1] and using the fact that a(G) < 0, we see that
[Hd”(%’ ] = H% (R).

We need to show that

*

Ongs @
By way of contradiction, assume that this does not hold. Then there exists a homogeneous
d+1 /
Eeo” s Y ﬂsoc (H N ) E+o0.

By above, deg & = 0. Let ¢ € R be such that ¢F¢(¢) = 0 for all g > 1. Then ¢ gives a non-zero element of
O}} d(g)’ which is a contradiction. O

When R is F-rational and a(G) < —1, then it is not necessarily true that 7(I7') = R. Indeed, if R
and G are Gorenstein and a(G) = -2, then by Proposition 1.3, 7(I) = R if and only if % is F-rational.
For a specific example, see [Sin00, Example 6.3].

We now have the following corollary of Lemma 3.15, relating the F-rationality of Veronese subrings

of Z(I) to I"-tight closure. The implication (I) = (3) can also be proved by [KK21, Proposition 5.3].

Proposition 4.3. Assume Setup 3.1 and that Z is Cohen-Macaulay. Then the following are equivalent:
(1) Proj R is F-rational.
@) Foralln > o, [N = di-n 4 ll] foralll suchthatdl —n > 1.
(3) Foralln > 0, Z(I") is F-rational.

Proof. (1) = (2): Since Pro]% is F-rational, 0* is of finite length. Hence [O = O for

d+1(g ) Hd+1(])

alln > 0. Then by Lemma 3.15, for all n > 0, [ = pdi=n 4 (11 for all [ such thatdl — n > 1.
(2) = (3): Since # is Cohen-Macaulay and normal, so is Z(I") for alln > 1. Choose an ng such

that foralln > no, (W™ Z Jdi=n 4 11 for all [ such thatdl — n > 1. By Lemma 3.15, =0

Hd+1(¢%):| .
foralln > ny. Since

HE! %’(I"o))] = [Hd” @)]
M imey -n Nz —nno
forall n > 1, it follows that
%has @y | <O
t G (10) _n
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BLOW-UP RINGS AND F-RATIONALITY 11

foralln > 1. Hence

o —— =0
Hgd—; (Z(1™0))
2 (1"0)

Consequently, Z(I™) is F-rational. Therefore #(I™) is F-rational, for all n > 0.
(3) = (): Note that Proj #Z(I*) = Proj %. ]

5. PRELIMINARIES, II

5.1. Hypersurface rings. We now collect some facts about quotients rings of power series rings by a
non-zero power series.

For an element f in a noetherian local ring (R, m), the order of f, written ord(f), is the (unique)
integer k such that f € m* \ m**!, We need the following corollary of the Weierstrass Preparation
Theorem; see [LW12, Corollary 9.6].

Theorem5.1.1. Letk be an infinite field and let f be a non-zero power seriesin S = k[[Xo, - - - Xy, ]|, n > 1. Assume
thatord(f) = e > 2andthate # O € k. Then, after a change of coordinates, we have f = u(X¢ + b, X¢ > +
bsXE7? + - + be1Xo + be), where u is aunit of S and by, - - - , be are non-units of k[ X, - - -, X ]

Let I be an R-ideal. An element r € Iissaid to be a superficial element of I if there exists ¢ € N such that
foralln > ¢, (I"*! : r) N I¢ = I". A sequence of elements ry, 1y, - - - r, € I is said to be a superficial sequence
forlifforalli =1,2,---,ntheimageof x;inI/(ry,--- ,ri—1) is a superficial element of I/(ry, - -+, r;i—1).
If r € I \ I* is such that r* € G(I); is a non-zero-divisor on G(I), then r is a superficial element of I.

Lemma5.1.2. Letd > 1. Letg € (X1, Xp,- -, Xa)* C k[[X0p, Xp,--- , Xglland f = X2 +g € S =
k[[Xo, X1, - -+, Xg]]. Write (R,m) = S/(f). Then foreach1 < i < d, the image of X; in R is a superficial
element of m. In particular, the images of X1, . . ., Xy is a superficial sequence for m.

Proof. Write xo, . .., x4 for the images of Xo,..., Xy in Rand Yy, ..., Y, for the images of xo,...,x4 €
m/m2. Write g(Xy, ..., Xa) = ¢2(X1,-..Xa) + ¢ (Xt ., Xa) with ¢’ (X, ... Xa) € X0 X+, Xg)>.
Then G(m) ~k[Yo,..., Y]/ (Y2 +g2(Yi,..., Yy)). Therefore forall1 < i < d, Y; is a non-zero-divisor on
G(m), so x; is a superficial element of m.

The second assertion now follows by induction on d. ]

5.2. Binomial coefficient modulo a prime. Let m, n be two positive integers and p a prime number.
Assume that m = mgp® + mp_1p* '+ -« + myp + mp and n = ngp* + ng_1p* ' + - - - + nyp + ng are the
base p expansions of m and n respectively, i.e., m;, n; are integers such that 0 < m;,n; < p — 1for all
0 < i < k. Then by Lucas’s theorem [Fin47, Theorem 1],

k
(5.2.1) (':) =] (':‘) (mod p).

i=0 \'
This uses the convention that (") = 0if m < nand that () = 1. Thus (") # 0 (mod p) if and only if
m; > n; foralli.
Lemma5.2.2. Let p be a prime number. The following quantities are not divisible by p:
@ (7°77) foreach integere > 1and0 < r < p® — 1.

pe+1
) ( ; )forall integerse > land p > 2.

P
3) ( 2 ),wherep > 3and

5= PZ;l ifp=1 (mod 3)
M ifp=2 (mod3)
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12 NIRMAL KOTAL AND MANOJ] KUMMINI

Proof. (1): Sincer < p®—1, we can write the base-p representation of rasr = ro_1p® 1 +re_op® >+ 1o
The base-p representation of p¢ —lis p¢ =1 = (p —1)p* 1+ (p —1)p® 2 +--- + (p — 1). Hence, by (5.2.1),

e _ e—1 _
(p 1) = (p . 1) £0 (mod p).

i=0
e e e pe+1
(Z)NotethatpT+1 = p2_1+1 = PT_I e‘1+PT_1pe‘2+- . -+PT_1+1. So"’T+1 = ”Tﬂ (mod p). So( i ) £0
(mod p).
(3): Note that the base-p representation of— is == P = ly 2ty If p =1 (mod 3), then the base-
P p 7 P+t P
representation ofp— is Pl _1 P p L. Since p— > p LN 1, we see from (5.2.1) that
P4
2
(pZ—l) £0 (mod p).
3
2_ . 2_ _
Now suppose that p = 2 (mod 3). The base-p represerzltation of 22 6p+3 is 2 6p+3 = psz + pTH.
p+l
As pT_I > p%z) we see by the above discussion that (2p23p+3) % 0 (mod p). |
6

6. PROOF OF THEOREM 1.5

We now list some sufficient conditions for two-dimensional hypersurface rings to be F-rational. They
are proved using [Gla96, Theorem 2.3].

Lemma 6.1. LetS = k[[Xo, X1, X,]] and R = S/(UoX3 + UtX}? + U X;™) where Uo, U, U, are units in S and
m > 2. Assume that R is F-finite and that p > 3. Then R is strongly F-regular. In particular it is F-rational.

Proof. Write f = UpXZ + UiX} + U X;". Since Xy is in the jacobian ideal of f, Ry, is regular. We
want to show that Xo 7! ¢ (Xo, X1, X;)[P°! for some e, in order to apply [Gla96, Theorem 2.3]. Since
(Xo, X1, Xz)[Pe] is a monomial ideal, it suffices to exhibit a term of X, f?“~! that does not belong to
(Xo, X1, X) 1P

Consider the monomial g := XO(XZ) (XZ) X’" Then foralle > m, g ¢ (Xo, X1, Xz)!P°1. Note
that the coefficient of g in Xo P!

Pe2—3 2

(2] 57

times a non-zero element of k. This is non-zero by Lemma 5.2.2. Hence Xo f?* ! ¢ (Xo, X1, X2) 7. O

Lemma6.2. LetS = k[[Xo, X1, X, ]l and R = S/ (Uo X + UiX; + Up X X5 + Us XI'). Assume the following:

(1) Ris F-finite, p > 7 and Uy and Uy are invertible elements of S.
(2) Fori = 2,3,ifU; is non-zero, then it is invertible. At least one of {U,, Us } is non-zero.
(3) (Upy#0and2 <m <3)or(Us # 0Oand3 < n <5).

Then R is strongly F-regular. In particular it is F-rational.
Proof. Write f = UoX2 + U X} + U, X1 X" + Us X} Since X, is in the jacobian ideal of f, Ry, is regular. We

will show that Xo f7° ™! ¢ (Xo, X1, X5)?* and apply [Gla96, Theorem 2.3]. As in the proof of the previous
lemma, it suffices to exhibit a term oonfpz‘1 that does not belong to (Xo, X1, X3) (P*] Let

Iﬁ 1 —
oy {2;2_P+3 IEP : 1 (mod 3)
= ifp=2 (mod 3)
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BLOW-UP RINGS AND F-RATIONALITY 13
1
and f§ = p 1 _ o. Note that, by Lemma 5.2.2,

—1\ /¢
(6.3) (ppz 3 )( 02( )ekx.

2

Casel:U, # 0and2 < m < 3. Considerthe monomlalg XO(XZ) (X3)ﬁ(X1X’”)"‘ ng_szmX’""‘.

Theng ¢ (Xo, X1, X2) [p*] The coePﬁCIentofngofP isnon-zero by (6.3). HenceXofP ¢ (Xo, Xl,XZ)[P 1,
CaseIl: U; # Oand 3 < n < 5. Similar argument as above, with g := XO(XZ) (X3) (Xmb =
xP2xzaxt, o

We now prove a minor modification of [HWYO02, Corollary 5.7].

Lemma 6.4. Let (R, m) and I be as in Setup 3.1. Assume that G is Cohen-Macaulay. Let x € I \ I? be such that
its image in G is a non-zero-divisor on G. Write S = R/(x). IfS and the Rees algebra S[ISt] are F-rational, then
Rand % are F-rational.

Proof. By [KK21, Theorem 1.1], the extended Rees algebra S[ISt, t7!] is F-rational. Since G is Cohen-
Macaulay, R[It, t71] is Cohen-Macaulay, and, therefore,

[Itt 11/(xt) = S[ISt, t71].

(It follows from [[t092, Theorem 1] that, in general, R[It, t '] /(xt) and S[ISt, t ] agree except in finitely
many positive degrees. Since, in our situation, depth(R[It, t~!]/(xt)) > 2 and depth(S[ISt, t71]) > 1,
we get the above isomorphism.) Hence R[It, t71] is F-rational, by [HWY02, Corollary 5.7]). Hence Rand
R are F-rational [KK21, Theorem 1.1]. O

Proposition 6.5. LetS = k[[Xo, - - - , Xy]| whered > 2 and k is an infinite F-finite field of characteristicp > 7.
Let f € S beirreducible of order 2; write R = S/(f) and m for the maximal ideal of R. Assume that Proj(%(m))
is F-rational. Then R and % (m) are F-rational.

Proof. The strategy of the proof is to show (using the F-rationality of Proj % (m)) that after a suitable
change of variables, f is of the form f + g where f the power series in Lemmas 6.1 or 6.2 and g €
(X3,...,X4)S. HenceR/(X3,...,X4)R = k[[Xo,XI,XZ]]/(f) isatwo-dimensional F-rational ring. By [HWY02,
Theorem 3.1], the Rees algebra of an integrally closed ideal in a two-dimensional F-rational ring is F-
rational. Now apply Lemma 6.4 repeatedly.

We first observe that % (m) is Cohen-Macaulay and normal. Since G(m) is Gorenstein with a-invariant
2 — (d +1), Z(m) is Cohen-Macaulay. By Remark 2.3.2, it is normal.

By Theorem 5.1.1, we may assume that f = X2 + g, where g € k[[Xj, ..., X4]] and ord(g) > 2. (We are
concerned only about the ideal fS, not the element f, perse.) Since R is a domain, g # 0.

LetI = (Xy, -+, Xy)R. ThenI is a minimal reduction of m and I'm = m?. By Lemma5.1.2, x1, - - - , X4
is a sequence of superficial elements.

We now show that ord(g) < 3. By way of contradiction, assume that ord(g) > 4. Thenforallq > 1,
qu = g7 mod f,soinR, X; 24 ¢ [*9, Hence X, € I = m? = m?, by [HS06, 6.8.3] and the normality of
%’(m) This a contradiction. Hence ord(g) < 3.

Case I: ord(g) = 2. By Theorem 5.1.1, we may assume that g = U;(X}? + h), where U; is a unit in
k[[X1, -, Xy]] and h € kK[[ X5, - - - , X4]] with ord(h) > 2.

We now show that h # 0. By way of contradiction, assume that b = 0. Then f = X3 + U X} €
(X0, X1)S. Thering R(x, x,) is not normal, since it is one-dimensional, but not regular. (f is in the square
of the maximal ideal of S(x, x,).) Hence SpecR \ {m} is not normal. In particular, Proj % (m) is not
normal, which contradicts the hypothesis that Proj % (m) is F-rational. Hence h # 0.
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14 NIRMAL KOTAL AND MANOJ] KUMMINI

Let m = ord(h). Again by Theorem 5.1.1, write h = U (X)" + h’), where U is a unit ink[[X,, - - - , X4]]
and b’ € (X, -, X k[[ X5, - - -, Xy]] with ord(h’) > ord(h). Let
R _ Kkl[Xo, X1, Xzl

R:= ~
(X, Xq) (X +UXE+ U X))

for some units U;, U, € k[[Xo, X1, X;]|. By Lemma 6.1, R is F-rational. By [HWY02, Theorem 3.1], the
Rees algebra R[Xot, Xit, X,t] is F-rational. By Lemmas 5.1.2 and 6.4, %(m) is F-rational.

Case II: ord(g) = 3. By Theorem 5.1.1, we may assume that g = Uy(X; + Xih; + hy), where U is
a unit in k[[ Xy, - -+, X4]] and hy, h, are non-units in k[[ X5, - - - , X4]] such that m := ord(h;) > 2 and
n = ord(h,) > 3. Asin the above case, if h; = h, = O, then f is in the square of the maximal ideal
of S(x,.x,), 50 Spec R \ {m} would not be normal, contradicting the F-rationality of Proj % (m). Hence
hi # Oor h, # 0.

Note that (Xo)q”Xllq =(—9) qTHXll 1= 2(UX2 + X + hy) qTHXf 7 and that a general term of the above

expression is of the form Xfa+ﬁ+lthh§, with some coefficient, where a + f +y = qTH.
Now suppose that m > 4 and n > 6. We claim that
(6.6) Xy ¢ [(2)q 4 fl(+g]
forall g > 1and [ > 0. Assume the claim. Then
Xo(XoX{)q e [(#2)q 4 pl+Dg]
forallg > 1and ! > 0. By (3.5) XoX! € e Al s o, Since Proj % (m) is F-rational,
OHgJ:I(‘%))} ~((d-1)(1+1)-1) =0

foralll > 0, so by Lemma 3.15, we see that Xo X! € m!*2 + [1(#D] forall [ > 0. Then xo(x1x; - - - x4)! €
ma2 4 U] S0 xo € (mdH2 4 JUHDY  (x, - - - x4)! € m2 + 1 C I, which is a contradiction. (Use
an argument as in the proof of Proposition 3.9.) This is a contradiction. Hence m < 3 orn < 5. Using
Theorem5.1.1, we may write g = Uy (X; +U, Xi X}"+Us XJ'+H;) for some H; € (X3, -+, X)k[[ X1, - -+, Xq]l
and U,, U; that are either invertible or zero but not zero simultaneously. Let

5 _ R N k[ Xo, X1, Xz ]
TG, Xa) (X +UX] + U XX + UiUs XY

By Lemma 6.2, R is F-rational. As in the earlier case, use [HWYO02, Theorem 3.1] and Lemmas 5.1.2
and 6.4.

It remains to prove the claim (6.6). If 3a+f < g—1and 3a+f+mf+ny < 2q—1, then (q+4—(3a+p))+
(m—4)p+ (n—6)y < 0;which gives a contradiction. Hence either3a + f > qor3a+ f+mp+ny > 2q.
In either case, X, “PpPp! ¢ 1(1+2)q 4 [l(1+0q] a]

Proposition 6.7. Let (R, m) be a three-dimensional Gorenstein F-finite F-rational complete local domain of char-
acteristic p > 7 with an infinite residue field. Suppose that Proj % (m) is F-rational and that % (m) is Cohen-
Macaulay. Then % (m) is F-rational.

Proof. Since % (m) is Cohen-Macaulay, the reduction number r(m) is at most 2.

Case I: r(m) = 0. Then Ris a regular local ring; hence % (m) is F-rational.

CaseIl:r(m) = 1. Then #Z(m) is Gorenstein [HRZ94, Theorem 4.4]. Consequently R is a hypersurface
with multiplicity e(R) = 2 [HRZ94, Corollary 4.5]. Now use Proposition 6.5.

Case III: r(m) = 2. As we observed in Remark 2.3.2 % (m) is normal. Now apply Corollary 4.2. O

Proof of Theorem 1.5. (1): Follows from Proposition 6.5.
(2): Follows from Proposition 6.7. O
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BLOW-UP RINGS AND F-RATIONALITY 15

It is not difficult to find examples of non-F-pure (even non-F-injective) hypersurfaces (R, m) such
that Proj % (m) is F-rational but % (m) is not. E.g., look at generic homogeneous polynomials in d
variables with degree at least d. Below, we give an example of an F-pure hypersurface (R, m) such that
Proj % (m) is F-rational but Z(m) is Cohen-Macaulay, normal but not F-rational or F-injective. It also
shows that some hypothesis on the characteristic is necessary in Proposition 6.5.

Example 6.8. Let k is an algebraically closed field of characteristic 2, S = k[[X,Y,Z, W], f = X* +
XYZW + Y+ Z2> + W2 and R = (JSC—) Writem = (X,Y,Z,W)Rand I = (Y, Z, W)R. Then we have the
following:

(1) The singular locus of R is {m}. Since f ¢ (X2 Y2 Z* W?)S, R is F-pure by [Fed83, Proposi-
tion1.7]. On the other hand, X9 € (XYZW) 2R +114 forall g > 2. Apply induction on g to show
that

XX e XX (YZW)IR+119 ¢ (Yzw)121[13] 4 [la] ¢ fla]
for all g > 2. (The second inclusion is by inductive hypothesis.) Hence X € I* \ I, so R is not
F-rational.

(2) The associated graded ring G := G(m) is Gorenstein; its a-invariant is —2. Hence # := % (m)
is Gorenstein, and, in particular, Cohen Macaulay. The reduction number r;(m) is 1, i.e., Im”" =
m™! foreachn > 1.

(3) We now show that Proj % is F-rational. For this, it suffices to show that % is F-rational except
at its homogeneous maximal ideal M. Since # is Cohen-Macaulay, it would then follow that %
is normal.

(@) Foralla € m, #Z, ~ R,[t] is regular.

(b) Zy: = (X2+Y(;k([§gi’lvgg+wg)). Its non-regular locus is defined by (X, Y, 1+Z°+W?). Choose
a, B € kbe such that1+ o® + f* = 0. It is enough to show localization of Z; at (X,Y, Z —
a, W — ) is F-rational.
Replacing Z by Z+a and W by W + 3, it is enough to show that A := HXY.ZW]
where

g=X*+Y(XY(Z+a)(W+p)+1+ (Z+a)’+ (W + B)?)
=X*+Y(a*Z + BPW) + XY (Z + a)(W + B) + YZH(Z + ) + YWH(W + f).

Let I = (Y,Z,W)A; it is a minimal reduction of (X,Y,Z, W)A, with I(X,Y,Z W)"A =
(X,Y,Z,W)"1A for each n > 1. Hence it is enough to show X ¢ I*. By way of contra-
diction, assume that X € I*. Then there exist a nonzero element ¢ such that cX9 € 19! for
all g > 1. Note that cX? = ¢(X?)? = Y7 (a929% + BIW9?) mod I'9 for all ¢ > 1.
Hence CY%((Xqu/Z + pIwW9/?) e 1191, Since Y,Z, W is a regular sequence, we see that
c(aZ9% + BIW9I?) € (Y?,Z9,W9) forall ¢ > 1. Since & + f* = 1, assume, without
loss of generality, that @ # 0. Use a similar argument to see that ca? € 1131 for all q>1,
which is a contradiction. Hence %, is F-rational.
(c) Since Zy; = Kz = Howi, all these rings are F-rational. Since M = VmZ + ItZ it follows
that Spec Z \ M is F-rational.
(4) Since R is not F-rational, Z is not F-rational by [HWYO02, Corollary 2.13]. One can also see it
using Remark 3.18 and the inclusions

(m) C 7(R) C R = [wz]:.

is F-rational,

(The first one is a standard property of test ideals, the second holds since R is not F-regular, the
final one holds since # is Cohen-Macaulay and a(G) = -2.)
(5) We now observe that % is not F-injective, and, therefore, not F-pure. By way of contradiction,

suppose that # is F-injective. Since Proj % is F-rational and % is not F-rational, M := Ol*{dﬂ(%
M :
is a non-zero module of finite length. Let ¢ € M be a non-zero element of minimum degree.

Since # is Cohen-Macaulay, deg ¢ < 0. By the F-injectivity of #, we see that é” # 0. Since M is
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closed under the application of the Frobenius map, we get a contradiction of the minimality of
deg &. Hence Z is not F-injective.
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