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ABSTRACT. For any group G, the Gorenstein homological dimension GhdrG
is defined to be the Gorenstein flat dimension of the coefficient ring R, which
is considered as an RG-module with trivial group action. We prove that
GhdrG < oo if and only if the Gorenstein flat dimension of any RG-module
is finite, if and only if there exists an R-pure RG-monic R — A with A being
R-flat and fdgrgA < oo, where R is a commutative ring with finite Goren-
stein weak global dimension. As applications, properties of Ghd on subgroup,
quotient group, extension of groups as well as Weyl group are investigated.
Moreover, we compare the relations between some invariants such as sfliRG,
silf RG, spliRG, silpRG, and Gorenstein projective, Gorenstein flat and PGF
dimensions of RG-modules; a sufficient condition for the Gorenstein projective-
flat problem over group rings is given.

1. INTRODUCTION

Let G be any group. Recall that the cohomological dimension cdzG and ho-
mological dimension hdzG are defined as the projective and flat dimension of the
ZG-module Z respectively, where G acts trivially. Studying groups through these
dimensions arose from both topological and algebraic sources, and has a long history
in group theory.

Let R be a commutative ring of coefficients. For any group G, the Gorenstein co-
homological dimension GedgrG and the Gorenstein homological dimension GhdrG
are defined as the Gorenstein projective and Gorenstein flat dimension of the trivial
RG-module R, respectively. The notions of Gorenstein projective, injective and flat
modules, which have the origin dating back to the study of G-dimension by Auslan-
der and Bridger [2] in 1960s, now form the basis of a version of relative homological
algebra known as Gorenstein homological algebra [18]. The Gorenstein projective
(resp. Gorenstein flat) dimension generalizes the projective (resp. flat) dimension,
in the sense that whenever the latter is finite, then they coincide.

For any group G, there is an interesting result [3, Theorem 2.7] that GedzG < o0
if and only if there is a Z-split ZG-exact sequence 0 — Z — A, where A is a Z-
projective (Z-free) ZG-module such that the projective dimension pdy-A of A is
finite; in particular, pd;oA = GedzG. This was generalized in [15, Theorem 1.7]
from the coefficient ring of integers Z to any commutative ring with finite global
dimension.

First, we are motivated to characterize the finiteness of GhdgG, and its relations
with Gorenstein flat dimension of modules over the group ring RG. However,
the arguments are not simply analogous to those for Gorenstein cohomological
dimension GedrG. There are some evidences for this phenomenon. For example,
unlike the well-known fact that every projective module is flat, the relation between
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Gorenstein projective and Gorenstein flat modules is not fully understood, and it is
still an open problem whether Gorenstein projective modules are Gorenstein flat.

In fact, projectivity is closely connected to the splitness, however, flatness is a
bit inseparable from purity. We succeed in getting the following, which extend the
aforementioned results in [3, 15] to the case of flatness. Let R be a commutative
ring such that the supremum of flat dimension (length) of injective R-modules sfliR
is finite. We show in Theorem 3.7 that the following conditions are equivalent:

(1) GhdrG < oo.

(2) There exists an R-pure RG-exact sequence 0 — R — A, where A is an
R-flat RG-module of finite flat dimension.

(3) Every RG-module has finite Gorenstein flat dimension.

In this case, we have an equality GhdgrG = fdrg A, and the following inequalities
sfliR < sfliRG = G.wgldimRG < GhdrG + sfliR,

where G.wgldim RG denotes the Gorenstein weak global dimension of the group ring
RG. In particular, we show in Corollary 3.6 that if sfliR < oo, then GfdrgM < oo
for any RG-module M if and only if GhdrG = GfdrgR < oo for the trivial RG-
module R; moreover, GfdrgM is bounded by GhdrG + Gfdg M, i.e. GfdggM <
GhdrG + Gfdg M.

It is worth to remark that the assumption sfliR < co on the coefficient ring R
is not too restrictive. For a commutative ring R, it follows from [13, Theorem 5.3]
that sfliR < oo if and only if every R-module has finite Gorenstein flat dimension.
In this case, R is called a ring with finite Gorenstein weak global dimension. Rings
with finite weak global dimension are strictly contained in those of finite Gorenstein
weak global dimension, including some interesting examples of coefficient rings in
studying group rings such as the ring of integers Z, the field of rationals Q and
finite fields.

For further applications, we strengthen the role of Gorenstein homological di-
mension of groups by proving the following properties. As shown in Section 4,
the arguments heavily rely on the above R-pure monomorphism R — A . More
precisely, for any commutative ring R with sfliR < co and any group G, we show
that

(I) GhdrG < GhdzG; especially GhdgG < GhdzG (see Proposition 3.8).

(IT1) GhdgH < GhdgG for any subgroup H of G (see Proposition 4.1).

(II) If 1 - H - G — L — 1 is an extension of groups, then GhdrG <
GhdrH + GhdgrL (see Proposition 4.4).

(IV) If R is a noetherian ring, then GhdgG = Ghdg(G/H) for any finite normal
subgroup H of G (see Proposition 4.5).

(V) If R is a noetherian ring, H is a finite subgroup of G, and Ng(H) its nor-
malizer in G, then GhdgW < GhdgG for the Weyl group W = Ng(H)/H
(see Corollary 4.6).

In particular, we generalize [1, Proposition 4.11] by (II) immediately: GhdzH <
GhdzG, where H was assumed to be a subgroup of G of finite index in [1].

Moreover, we compare Gorenstein homological dimension of groups with the
generalized homological dimension of groups introduced by Ikenaga [24, III, Defi-
nition]; see details in Proposition 4.7 and 4.8. In particular, we obtain in Corollary
4.10 that the equality GhdzG = hd;G holds for any group G.

In Section 5, we are devoted to study the relation between GhdrG and some
invariants such as silpRG, spliRG and sfliRG, which are closely related to the
theory of Gorenstein projective, Gorenstein flat and PGF dimensions of modules;
see for example [10, 11, 13].
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First, we observe that if both GhdrG and sfliR are finite, then the Gorenstein
projective-flat problem admits an affirmative answer over the group ring RG; see
Proposition 5.1. If R is a commutative Gorenstein ring with silf RG < oo, then
GhdrG < oo and the Gorenstein projective-flat problem over RG holds true; more-
over, for any Gorenstein flat RG-module M, PGF-dimrcM = GpdpoM < oo; see
Corollary 5.3.

Inspired by [1] and the study of relations between spliRG and silpRG ([20, 12]),
we compare the relations between sfliRG and silf RG. In Proposition 5.2 we get
that silf RG < oo if and only if both sfliRG < oo and splf RG < oo whenever R is
a commutative Gorenstein ring; this extends [1, Corollary 3.5]. It is trivially true
that for any finite group G, its integral group ring ZG is noetherian; it follows from
[22] that for any virtually polycyclic group G, ZG is a noetherian ring. If R is a
commutative Gorenstein ring and G is a group such that RG is a left noetherian
ring, we show in Proposition 5.6 that sfliRG < oo if and only if silf RG < oo; in
this case sfliRG = silf RG.

2. PRELIMINARIES

In this section, we recall some notions and facts which will be needed in the
following.

Gorenstein flat dimension of modules. Let A be an associative ring with i-
dentity. Recall that F = --- — F; — Fy — F_1 — --- is called a totally acyclic
compler of flat modules, provided it is acyclic with each F; being a flat left A-
module, and for any injective right A-module I, the complex remains acyclic after
applying I @4 —. A left A-module M is called Gorenstein flat [19], if there exists a
totally acyclic complex of flat modules F, such that M = Ker(Fy — F_1).

Let M be any left A-module. The Gorenstein flat dimension of M, denoted by
Gfdp M, is defined by declaring that Gfdy M < n if and only if M has a Gorenstein
flat resolution 0 — P, — -+ = P - Py — M — 0 of length n, where each
P; is a Gorenstein flat left A-module. The Gorenstein weak global dimension [5]
of A, denoted by G.wgldimA, is defined as the supremum of the Gorenstein flat
dimensions of all left A-modules.

It was proved in [23, Theorem 3.7] that for a right coherent ring, the class of
Gorenstein flat left modules is closed under extensions and direct summands. This
result was extended and generalized to any associative ring by [27, Corollary 4.12].
This basic property is so crucial for studying homology of Gorenstein flat modules
that we can remove the assumption of coherent rings in many situations when
dealing with Gorenstein flat modules and Gorenstein flat dimension of modules,
see for example [23, Theorem 3.14].

Modules over group rings. Let G be a group, and R be a commutative ring. A
module over the group ring RG is simply an R-module M together with an action
of G on M. In particular, R is an RG-module with trivial G-action, that is gr = r
for any g € G and any r € R.

For an RG-module M, the module of invariants of M, denoted by M is defined
as the largest submodule of M on which G acts trivially, that is, MY := {m €
M|gm = m for all g € G}. Analogously, the module of coinvariants of M, denoted
by Mg, is defined to be the largest quotient of M on which G acts trivially.

Let H be any subgroup of G. There exist simultaneously an induction functor
Ind% = RG ®ry — and a coinduction functor Coindf[ = Hompgy (RG,—) from
the category of RH-modules Mod(RH) to the category of RG-modules Mod(RG).
We denote the restriction functor from Mod(RG) to Mod(RH) by Res$. In par-
ticular, for any RG-module M, Reng is exactly the underlying R-module if we
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consider the subgroup H formed only by the identity element of G. It is clear
that (Ind%, Res%) and (Res$, Coind$) are adjoint pairs of functors. To simplify
the notations, in the following we will denote Reng by M if there is no risk of
ambiguity.

Invariants silp, spli, silf and sfli. The Gorenstein flat dimension is closely re-
lated to some homological invariants. Recall that in connection with the existence
of complete cohomological functors in the category of left A-modules, Gedrich and
Gruenberg have defined in [20] the invariant silpA as the supremum of the injec-
tive length (dimension) of projective left A-modules, and the invariant spliA as the
supremum of the projective length (dimension) of injective left A-modules. Anal-
ogously, we use silfA to denote the supremum of the injective length (dimension)
of flat left A-modules, and use sfliA to denote the supremum of the flat length
(dimension) of injective left A-modules.

It follows from [13, Theorem 5.3] and [10, Corollary 2.5] that Gorenstein weak
global dimension of rings is symmetric, that is, G.wgldimA = G.wgldimA°P. More-
over, G.wgldimA is finite if and only if sfliA = sfliA°P is finite. Hence, for a com-
mutative ring R, if sfliR is finite, then R is called a ring with finite Gorenstein
weak global dimension. Note that if sfliR is finite, then any acyclic complex of flat
R-modules is totally acyclic.

Gorenstein homological dimension of groups. Recall that for any group G,
the Gorenstein homological dimension of G is defined to be the Gorenstein flat
dimension of the trivial ZG-module Z; see [1, Definition 4.5]. Analogously, we may
define the Gorenstein homological dimension of G over any commutative ring R,
denoted by GhdgrG, to be the Gorenstein flat dimension of the trivial RG-module
R. Tt follows from Proposition 3.8 that if the coefficient ring R is a commutative
ring with finite Gorenstein weak global dimension, then GhdrG is not more than
GhdzG, that is, GhdrG < GhdzG.

3. FINITENESS OF GORENSTEIN HOMOLOGICAL DIMENSION OF GROUPS

Throughout the paper, R is assumed to be a commutative ring, G is a group.
All modules over the group ring RG are left RG-modules unless stated otherwise.

In this section, we intend to characterize the finiteness of Ghd g G, which is equiv-
alent to that every RG-module has finite Gorenstein flat dimension; see Theorem
3.7. We begin with the following observation.

Lemma 3.1. IfsfliR < oo, then any Gorenstein flat RG-module is also a Goren-
stein flat R-module.

Proof. Let M be a Gorenstein flat RG-module. There is a totally acyclic complex
of flat RG-modules -+ — F} — Fy — F_; — -+ such that M = Ker(Fy — F_1).
Since any flat RG-module is also R-flat, by restricting this totally acyclic complex,
we get an acyclic complex of flat R-modules. Noting that sfliR < oo, every acyclic
complex of flat R-modules is totally acyclic. Hence, M is also Gorenstein flat as an
R-module. O

Proposition 3.2. Assume sfliR < co. Let M be an RG-module with GfdraM <
oco. If the flat dimension fdgM of the underlying R-module is finite, then there
exists an R-pure RG-ezact sequence 0 — M — N — L — 0, for which L is an
R-flat RG-module and GfdgrgM = fdrgN.

Proof. Let GfdrgM = n. Since the class of Gorenstein flat modules is closed
under extensions over any associative ring by [27, Corollary 4.12], it follows from
[7, Theorems 2, 4] that there exists an exact sequence 0 - K — X — M — 0,
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where X is a Gorenstein flat RG-module, and fdgrg K = n — 1. For X, there is an
exact sequence of RG-modules 0 - X — F — L — 0, where F' is flat and L is
Gorenstein flat. We consider the following pushout of X — M and X — F:

0 0
0 K X M 0
|
*
Y
0—>K—>F——>N—>0
L——1
0 0

From the middle row we infer that fdgre N = fdgrgK + 1 = n, which also implies
the finiteness of fdg/N. In view of the assumption fdgM < oo, we infer from the
right column that fdgr L < co. For the Gorenstein flat RG-module L, it follows from
Lemma 3.1 that L is also Gorenstein flat as an R-module. Furthermore, we imply
that L is R-flat since flat dimension of any Gorenstein flat module is either zero
or infinity; see [18, Corollary 10.3.4]. Hence, the exact sequence of RG-modules
0—> M — N — L — 0is R-pure exact. This completes the proof. O

Corollary 3.3. Assume sfliR < oco. If GhdgG is finite, then there exists an R-
pure RG-exact sequence 0 — R — A, where A is an R-flat RG-module such that
GhdrG = fdgcA.

The following interesting result is from [16, Proposition 3.3], and it could be
regarded as the converse of Proposition 3.2.

Proposition 3.4. Assume that sfliR < co and there exists an R-pure monomor-
phism of RG-modules ¢ : R — A, where A is R-flat with fdrgA < co. Let M be any
left RG-module which is Gorenstein flat as an R-module. Then GfdggM < fdrgA.

Corollary 3.5. Assume sfliR < oo. If there exists an R-pure monomorphism of
RG-modules v : R — A, where A is R-flat with fdrgA < oo, then for any RG-

module M, we have
GdegM < deGA + GdeM < deGA + sfliRR.

Proof. Let fdrg A = n. The second inequality is obvious since G.wgldimR = sfliR;
see [13, Theorem 5.3] and [10, Corollary 1.5].

For the first inequality, it suffices to assume that GfdgM = m is finite. In
this case, we may prove the result by induction on m. If m = 0, that is, M is a
Gorenstein flat R-module, then the assertion is immediate from Proposition 3.4.

We now assume m > 0, and consider a short exact sequence of RG-modules

00— K —F —M —0,

where F'is flat. Since F' is restricted to be a flat R-module, we have Gfdg K = m—1.
Invoking the induction hypothesis, we may conclude that GfdgreK < n+ (m — 1),
and hence GfdggM < n + m. This completes the proof. O

The following is immediate from Corollary 3.3 and 3.5.
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Corollary 3.6. Let R be a ring with sfliR < co. Then GhdgrG < oo if and only if
GfdrgM < oo for any RG-module M. In this case, one has

GfdreM < GhdrG + Gfdp M.
Now, we are in a position to state the main result of this section.

Theorem 3.7. Let G be a group, R a commutative ring with sfliR < oo. The
following are equivalent:

(1) GhdgrG is finite.

(2) There exists an R-pure RG-exact sequence 0 — R — A, where A is an

R-flat RG-module of finite flat dimension.

(3) Any RG-module has finite Gorenstein flat dimension.

(4) sfliRG s finite.
In this case, there is an equality GhdgrG = fdgrgA, and moreover, the following
inequalities hold:

sfliR < sfliRG = G.wgldimRG < GhdrG + sfliR.

Proof. The implication (1)==-(2) follows by Corollary 3.3, and the implication
(2)==(3) follows from Corollary 3.5. The implication (3)==(1) is trivial, and
(3)<=(4) follows from [13, Theorem 5.3].

For the first inequality sfliR < sfliRG, it suffices to assume that sfliRG = n is
finite. We consider any injective R-module I. For the subgroup H = {1} of G, note
that Coindgl is an injective RG-module. Then degCoindfll < n, which yields
fdrCoind% I < n. Moreover, as R-modules T is a direct summand of Coind% 7, and
hence fdgrl < n. This implies that sfliR < n.

By [13, Theorem 5.3] we have sfliR = G.wgldimR and sfliRG = G.wgldimRG.
Then, the inequality G.wgldimRG < GhdrG + G.wgldimR follows immediately
from Corollary 3.6. O

As an application, we can compare GhdgG with GhdzG introduced in [1].

Proposition 3.8. If sfliR < oo, then for any group G, GhdrG < GhdzG. In
particular, GhdgG < GhdzG.

Proof. Since the inequality obviously holds if GhdzG = oo, it only suffices to
consider the case where GhdzG = n is finite. In this case, there exists a Z-
pure monomorphism of ZG-modules ¢ : Z — A, where A is Z-torsion-free and
fdzgA = n. By applying R®z—, we have an R-pure monomorphism of RG-modules
R®z1: R— R®z A, where R ®7 A is R-flat.

Now assume that 0 — F,, — --- — F} — Fy — A — 0 is a ZG-flat resolution
of A. Since the modules F; are all flat over Z, the sequence is pure exact over Z.
Then, by applying R ®z —, we have an exact sequence of RG-modules

0—R®zF, — -+ —R®zF, — R®zFy — Rz A — 0.

Noting that R®yz F; are flat RG-modules, we have fdrg R ®z A < n. Consequently,
we get an R-pure RG-exact sequence 0 - R — A, where A = R ®z A is an R-flat
RG-module of finite flat dimension. Then, it follows from Proposition 3.4 that
GhdrG < fdrgA < n holds as expected. O

The following might be of independent interest.

Lemma 3.9. Let t: R — A be an R-pure monomorphism, where A is R-flat. For
any RG-module N, N is Gorenstein flat if and only if the induced left RG-module
N ®g A is Gorenstein flat.
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Proof. Since A is R-flat, the “only if” part is easy. For the “if” part, we assume
that N ®g A is a Gorenstein flat RG-module. Then, there is an exact sequence of
RG-modules

0—NorA-S Fy— L —0,

where Fy is flat and L is Gorenstein flat. By applying N ®g — to the R-pure
monomorphism ¢ : R — A, we get a monomorphism of induced left RG-modules
Idyv®t: N=N®rR—> N®grA. Let f =a(ldy ®¢) : N — Fp, and consider the
following commutative diagram

0— >N N 9pA— > N@p B—>0

0 0

where B = Cokert, and N’ = Cokerf3.
Let E be any injective right RG-module. It is clear that

Idp®a: F Qgrg (N@RA) — E®rag Fo
is monic. Since ¢ : R — A is an R-pure monomorphism, we infer that
ldp®(ldy®t) : EQrgN = (E®raN)®rR — (E®@rc N)®pA = EQpa(N®rA)

is monic. Hence, [dg®3 : EQraN — EQRpgraFy is a monomorphism, and moreover,
we infer from the middle row of the above diagram that Tor’™“(E, N’) = 0.
By applying — ®pr A to the middle row, we get an exact sequence of induced left
RG-modules
0—)N®RA—)F0®RA—>N/®RA—>O,

where Fy ®r A is flat and N ® g A is assumed to be Gorenstein flat. Since A is a flat
R-module, there is an isomorphism Tor:“(E, N’ @ A) = Torl"“(E,N') @ A for
any i > 0, and moreover, we get Tor™®(E, N’ @ A) = 0 from Torf%(E, N’) = 0.
Note that by [27, Corollay 4.12], the class of all Gorenstein flat modules is always
closed under extensions. Then, we get from [4, Theorem 2.3] that the induced left
RG-module N’ @ A is also Gorenstein flat.

Analogous to the above, for N’ we obtain an exact sequence of left RG-modules
0—+ N — F_1 — N"”— 0with F_; being flat, which remains exact after applying
E ®gg — for any injective right RG-module E, and for N” the induced left RG-
module N” ®@pg A is Gorenstein flat. Proceeding in this manner, we obtain an acyclic
complex

Foo=0 N F, F 4 F

with each F; being a flat left RG-module, which remains acyclic after applying
E ®pg — for any injective right RG-module E.
Now consider a flat resolution of N:

Fog= - Fy Fy ) N 0.
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Since A is R-flat, it is clear that the induced left RG-modules F; @ g A are flat, and
Fy®r A — N ®pr A is a flat resolution of the induced left RG-module N ®p A.
Invoking the assumption that N ® A is a Gorenstein flat left RG-module, we get
Torl™(E,N @z A) = 0 for any injective right RG-module E and any i > 1, and
this implies that the complex E @ra (FSo ®r A) = E Qra (N ®gr A) is acyclic.
Thus, we infer from the isomorphisms

(ARRE)®rcF>0 =2 ARR(E®rcF>0) 2 (E@rcF>0)®rA = E®Rp (F0®@rRA)
that the complex (A ®g E) @ra Fs¢ is acyclic.

By applying — ®r E to the R-pure exact sequence 0 -+ R - A — B — 0, we
get an exact sequence of induced right RG-modules

0—F=R®grFE—>A®rFEF— B®rFE— 0.

The sequence is split since F is injective, and moreover, F is a direct summand of
A®pgE. Thus, as a direct summand of (A®g E) @ rg Fso, the complex E®praFso
is acyclic.

Consequently, by pasting F<o and Fso we will get a totally acyclic complex of
flat RG-modules such that N = Ker(Fy — F_1). This yields that N is a Gorenstein
flat RG-module. This completes the proof. O

We can prove that the tensor product of two modules is Gorenstein flat if one
factor is a flat RG-module and the other is a Gorenstein flat R-module.

Lemma 3.10. Let H be any subgroup of G. For any Gorenstein flat RH-module
M, the induced RG-module IndgM is also Gorenstein flat.

Proof. Let M be a Gorenstein flat RH-module. There is a totally acyclic complex
of flat left RH-modules

F=-.—F—FK—F;—- -

such that M = Ker(Fy — F_1). We infer that Ind%F = RG gy F is an acyclic
complex of flat RG-modules such that Ind§M = Ker(Ind§ Fy — IndGF_;). For
any injective right RG-module FE, it is restricted to be an injective RH-module.
Then, we infer from the isomorphism

FE ®ra IndgF =FQ®rc RGRry F 2 EQry F

that £ Qrg IndeF is acyclic. Hence, IndeF is a totally acyclic complex of flat
RG-modules, and this implies that Ind%M is a Gorenstein flat RG-module. O

Proposition 3.11. Let M be a Gorenstein flat R-module. For any flat RG-module
F, the induced left RG-module F ®@r M is also Gorenstein flat.

Proof. Let H = {1} be the subgroup formed by the identity element of G, and M
be a Gorenstein flat R-module. Then, the induction functor Ind$ = RG® g — sends
every R-module to be an RG-module. By Lemma 3.10 we infer that the induced
RG-module IndgM = RG ®r M is Gorenstein flat. Notice that any flat RG-
module F' is the filtered colimit of free RG-modules. Since the class of Gorenstein
flat modules is closed under filtered colimits and direct sums [27, Corollary 4.12],
it follows that the induced RG-module F' ® g M is Gorenstein flat. [l

4. PROPERTIES OF GORENSTEIN HOMOLOGICAL DIMENSION OF GROUPS

Using the above characterization on the finiteness of GhdrG, we obtain the
following properties of the Gorenstein homological dimensions of groups.

Proposition 4.1. Let H be any subgroup of G. If sfliR < oo, then GhdrH <
GhdrG.
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Proof. There is nothing to prove if GhdrG = oo and hence we may assume that
GhdrG = n is finite. It follows from Corollary 3.3 that there exists an R-pure RG-
exact sequence 0 — R — A for which A is R-flat such that fdzgA = n. Note that
every flat RG-module is restricted to be a flat RH-module, and 0 — R — A is also
an exact sequence of RH-modules. We infer that fdry A < fdrgA, and moreover,
for the trivial RH-module R, by Proposition 3.4 we have GhdgH = GfdgryR <
fdrg A < n. This completes the proof. O

The following generalizes [1, Proposition 4.11]: let H be a subgroup of G of finite
index, then GhdzH < GhdzG. We remove the assumption of finite index therein.

Corollary 4.2. Let H be any subgroup of G. Then GhdzH < GhdzG, and
GhdgH < GhdgG.

The following result implies that the Gorenstein flat dimension commutes with
direct limits of modules.

Lemma 4.3. The class of modules with the Gorenstein flat dimension at most m
is closed under direct limits, where m is a nonnegative integer.

Proof. Note that if f: M; — Ms is a homomorphism, where M; are modules with
the Gorenstein flat dimension at most m for ¢ = 1, 2, then one has exact sequences

0— K" —P"' — ... 5P P — M —0

with PF projective and K™ Gorenstein flat for each k > 0 and i = 1,2. Thus we
get the following commutative diagram

0—— K" —— pm! e P} Py M, 0
I N
0——> Ky» —— Pyt P} Py M, 0

with exact rows. Invoking [29, Lemma 3.1], we have the class of Gorenstein flat
modules being closed under direct limits. Then the result can be proved similarly
as [29, Lemma 3.1}, using the convention from [17, Proposition 2.3]. O

Proposition 4.4. Let 1 - H - G — L — 1 be an extension of groups. If
sfliR < oo, then GhdrG < GhdrH + GhdgrL.

Proof. Tt suffices to assume that both GhdgH = m and GhdrL = n are finite.
Then, it follows from Corollary 3.3 that there exists an R-pure RL-exact sequence
0 — R A for which A is R-flat such that fdg; A = GhdzL = n.

For the quotient group L = G/H, we may consider every RL-module as an RG-
module through the natural morphism of group rings RG — RL. We claim that for
any flat RL-module F, one has GfdggF < GhdgH. Note that RL = R[G/H] =
Ind$ R; see for example [8, Proposition III 5.6]. Since GhdgH = GfdggR = m,
there is a Gorenstein flat RH-resolution of length m

0—M, — - — My — My — R— 0.
By applying the induction functor, we get an exact sequence of RG-modules
0 — Ind$M,, — --- — IndG M; — Ind$ My — Ind$ R = RL — 0.

By Lemma 3.10 we infer that all Ind% M; are Gorenstein flat RG-modules. Then,
we get that GfdgrgRL < m, and moreover, by [23, Proposition 3.13] we induce
that GfdgrgP < m for any free RL-module P. For any flat RL-module F, it
follows from the Lazard-Govorov Theorem that F = @Pi is a direct limit of
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finitely generated free RL-modules P;. By Lemma 4.3, we prove the claim that
GfdgoF = Gfdpb(;(ligpi) <m = GhdrH.
Recall that fdr;, A = Ghdr L = n. We consider an exact sequence of RL-modules

0—F, —-  —F—F—A—0

in which all F; are flat. It follows from the above argument that Gfdgg F; < m for
0 < i < n. By a standard argument, we infer from the above exact sequence that
GfdrgA < m +n.

Since A is an R-flat module and GfdgrgA < m + n is finite, it follows from

Proposition 3.2 that there is an R-pure RG-exact sequence 0 — A ﬁ) B, where B
is an R-flat RG-module such that fdrgB = GfdrgA < m + n. Let « = Ba. Then,
we obtain an R-pure RG-exact sequence 0 — R = B, and consequently, it follows
from Proposition 3.4 that

GhdrG = GfdggR < fdggB < m + n.
This completes the proof. O

Proposition 4.5. Let H be a finite normal subgroup of G, and R be a commutative
noetherian ring such that sfliR < co. Then GhdrG = Ghdr(G/H).

Proof. By Proposition 4.4, we have GhdrG < GhdrH + Ghdr(G/H). Since the
subgroup H is finite, we infer that GhdgH = 0; see for example [1, Proposition
4.12]. This yields GhdgG < Ghdr(G/H).

Conversely, since the inequality Ghdr(G/H) < GhdgG is obvious if GhdrG =
00, it suffices to assume GhdrG = n is finite. In this case, it follows immediately
from Corollary 3.3 that there exists an R-pure RG-exact sequence 0 — R = A for
which A is R-flat such that fdggA = n. Since the group G acts trivially on R, it
implies that Im: € A C AH. We may therefore consider the R[G/H]-module A¥,
and the R-pure R[G/H]-monomorphism R — AH.

In the following, we will prove that A¥ is R-flat and fd RIG/ H]AH < n. Then, the
desired inequality Ghdr(G/H) = Gfdgiq/m R < n will hold by Proposition 3.4.

It follows from fdrgA < oo that fdgyA < oo. Since H is a finite group,
analogous to [6, Lemma 2.3] we can prove that for the RH-module A of finite
flat dimension whose restriction is R-flat, A itself is a flat RH-module. Then
A= lim P; for some finitely generated free RH-modules P;. Since (RH)” = R, we
infer that P! are finitely generated free R-modules. Note that for any RG-module
M, M = Hompgy (R, M) as R[G/H]-modules; see for example [8, pp.56]. Since
H is a finite group, R is a finitely presented RH-module. Hence, we induce from
the isomorphisms

A" =~ Hompy (R, h_I)nPl) = lingomRH(R, P) = @PZH

that A is a flat R-module.

For the finite group H, R — RH is a Frobenius extension of rings, and then it
follows from [26, Theorem 2.2] (see also [9, Theorem 3.2]) that R is a Gorenstein
projective RH-module. Hence, Ext (R, P) = 0 for any projective RH-module
P and any ¢ > 1. Since RH is a noetherian ring (see for example [21, Theorem
7.10]), and R is finitely presented as an RH-module, we infer from [28, Theorem
3.1] that Ext’ (R, F) = 0 for any flat RH-module F' and any i > 1. Moreover, for
any RH-module D of finite flat dimension and any i > 1, we obtain by dimension
shifting that Ext% (R, D) = 0.

Since fdrg A = n, there is an exact sequence

0—F, — - —N—F—A—0
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GORENSTEIN HOMOLOGICAL DIMENSION AND SOME INVARIANTS OF GROUPS 11

for which F; are flat RG-modules. Analogous to the above argument, we get that
FH = Hompy (R, F;) are flat modules over R[G/H]. By restriction, F; are flat
RH-modules. By applying Homgg (R, —) to the above sequence, we can obtain an
exact sequence of R[G/H]-modules

0—FH — ... 5 FPH S FH — AH 0.
Hence, fdg(q/m) AH < n, as expected. This completes the proof. O

The Weyl groups of the subgroups of a given group G are useful tools in the
study of actions of G on topological spaces, as these Weyl groups act naturally on
the fixed point spaces of the actions. Let H be a subgroup of G. We denote by
Ng(H) the normalizer of H in G.

Corollary 4.6. Let H be a finite subgroup of G, and R be a commutative noetherian
ring such that sfliR < oo. Then for the Weyl group W = Ng(H)/H, one has
GhdrW < GhdgrG.

Proof. In view of Proposition 4.1, we have GhdgNg(H) < GhdgG. It follows
from Proposition 4.5 that GhdgW = GhdrNg(H). Then, we get the inequality
GhdrW < GhdgG. O

For a group G, recall that Ikenaga introduced the generalized homological di-
mension of G over the ring of integers Z; see [24, III, Definition]. Analogously, we
may define the generalized homological dimension of G over any coefficient ring R
as follows:

hd G = sup{i € N | TorF(I, M) # 0, 3M R-flat, 3 I RG-injective}.
We conclude this section by comparing the Gorenstein homological dimension to

the generalized homological dimension of groups.

Proposition 4.7. Let R be a commutative ring of coefficients. If GhdrG < oo,
then GhdrG < hdpG. Moreover, if sfliR < oo, then GhdrG = hdrG.

Proof. Assume GhdrG = Gfdr¢R is finite. It follows from [23, Theorem 3.14] that
GhdgG = sup{i € N | Tor?%(I, R) # 0, 3 I RG-injective}.

Then, we infer from the definition of hd G that GhdrG < hdG.

Moreover, if we assume sfliR < oo, then every RG-module has finite Gorenstein
flat dimension; see Theorem 3.7. Since both GhdzG and sfliR are assumed to be
finite, for any RG-module M, by Corollary 3.6 we have

GfdragM < GhdgrG + GIidr M.

Then, hd ;G = sup{GfdreM | M R-flat} < GhdrG. Consequently, we obtain the
desired equality GhdrG = hdpG. (|

In the following, we denote by wgldimR the weak global dimension of R.

Proposition 4.8. For any group G and any commutative ring R, there are in-
equalities
hdG < sfliRG < hdpG + wgldimR.

Proof. If we assume sfliRG < oo, it follows from [13, Theorem 5.3] that sfliRG =
G.wgldimRG, and then the first inequality is clear.

In order to prove the second inequality, it suffices to assume that both hd,G' = m
and wgldimR = n are finite. Let M be any RG-module, and we consider an exact
sequence of RG-modules

0—K—>P,_,— - — P —F—M-—70
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for which each P; is projective for 0 < ¢ < max{n, 1}. Since P; is restricted to be a
projective R-module, we get that K is a flat R-module as wgldimR = n. For any
injective right RG-module I and any k > 0, there are isomorphisms

Tory?“ (I, M) = ToryC (I, K).

We infer from the assumption hd ,G = m that TorRC (I, K) = 0 for any k—n > m,
and then TorkRG(I, M) = 0 for any k > m + n. Hence, we have fdrg)or! < m +n,
and moreover, sfli(RG)°? < m+n. Note that the group ring RG is isomorphic with
its opposite ring RG° and hence there is no need to distinguish between left and
right modules. Therefore, sfliRG < m+n; see for example [13, 6.2]. This completes
the proof. O

Corollary 4.9. Let R be a commutative ring with finite weak global dimension.
Then GhdrG = hdrG.

Proof. Under the assumption, if we show that hd ;G < oo if and only if GhdgG <
00, then the equality GhdgG = hd G follows by Proposition 4.7 immediately.

If hd,pG is finite, then we infer from Proposition 4.8 that sfliRG < hdpG +
wgldimR < oo. By Theorem 3.7, this induces GhdrG < oo. Conversely, if
GhdrG < oo, then sfliRG is finite by Theorem 3.7. Therefore, hd,G is finite
by Proposition 4.8. O

The following result follows directly from Corollary 4.9.
Corollary 4.10. The equality GhdzG = hd,G holds for any group G.

5. SOME RELATIVE HOMOLOGICAL DIMENSIONS AND INVARIANTS

Let A be any associative ring with identity. Recall that a A-module M is called
Gorenstein projective [18] if there exists an acyclic complex of projective left A-
modules

P=..-—PFP4yw —P, — P — -
which remains acyclic after applying Homp (—, @) for any projective module @,
such that M = Ker(Py — P_1); M is called a projectively coresolved Gorenstein
flat module, or a PGF-module for short [27], provided that there exists such a
complex P which remains acyclic after applying I ® — for any injective right A-
module I and M is a syzygy of P. It is clear that PGF-modules are Gorenstein
flat. As shown in [27, Theorem 4.4], PGF-modules are also Gorenstein projective.

Every projective module is flat, however, it is not at all clear from the defini-
tions that Gorenstein projective modules are Gorenstein flat. It was shown in [23,
Proposition 3.4] that every left Gorenstein projective module is Gorenstein flat if
the base ring is right coherent and has finite left finitistic dimension. In general,
the relation between Gorenstein projective and Gorenstein flat modules remains
somehow mysterious, and it is still an open problem if every Gorenstein projective
module is Gorenstein flat.

We have the following observation, which gives a sufficient condition for affirma-
tive answer to the Gorenstein projective-flat problem.

Proposition 5.1. Let G be a group and R be a commutative ring. If GhdrG <
00, then sfliR < oo if and only if sHiRG < oco. Moreover, if both GhdrG and
sfliR are finite, then every Gorenstein projective RG-module is a PGF-module, and
furthermore is a Gorenstein flat module.

Proof. The equivalence between the finiteness of sfliR and sfliRG is easy to see.
The “if” part follows from the inequality sfliR < sfliRG. The “only if” part follows
from Theorem 3.7.
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Note that the finiteness of both GhdgG and sfliR implies sfli( RG)°P = sfliRG <
o0o. In this case, by induction on the flat dimension of any injective right RG-
module I, we infer that any acyclic complex of projective RG-modules remains
acyclic after applying I ® g —. Hence, invoking the definitions it is immediate
that every Gorenstein projective RG-module is a PGF-module, and moreover, is a
Gorenstein flat module; see also [13, Remark 2.3 (ii)]. O

Let A be a ring. It follows from [20, 1.6] that the finiteness of both spliA and
silpA implies that spliA = silpA. If A is a commutative noetherian ring, by [25,
5.9] one has the equality spliA = silpA. Let R be a commutative Gorenstein ring
(noetherian ring with finite self-injective dimension), and G be any group. It follows
from [12, Theorem 4.4] that spliRG = silpRG.

Inspired by the above and [1], we will consider sfliRG and silf RG. The next
result extends [1, Corollary 3.5]. Let P(RG) and F(RG) denote the classes of RG-
modules with finite projective dimension and finite flat dimension, respectively.
The invariant splf RG is defined as the supremum of projective length (dimension)
of flat RG-modules; see [14] and also [10, Proposition 3.2].

Proposition 5.2. Let R be a commutative Gorenstein ring, G be a group. The
following are equivalent:

(1) silfRG < oco.
(2) sfliRG < oo and splf RG < oo.
(3) sfliRG < o< and P(RG) = F(RG).

Proof. (1)=>(2) Since the coefficient ring R is commutative Gorenstein, combining
[12, Theorem 4.4] and [14, Proposition 2.1], we have spliRG = silpRG = silfRG.
Hence, we infer from silf RG < oo that sfliRG < spliRG < oo. Moreover, the
finiteness of both silf RG and spliRG yields that the projective dimension of any
flat RG-module is finite, and hence splf RG < oo.

(2)==(1) The finiteness of both sfliRG and splf RG implies that the projective
dimension of any injective RG-module is finite, that is, spliRG < oo. Then, it
follows from [20, Theorem 2.4] that silpRG is also finite. Moreover, it follows from
[14, Proposition 2.1] that silf RG = silpRG < oo.

(2)<=(3) Since projective modules are flat, it is clear that P(RG) C F(RG). It
is easy to see that the projective dimension of any flat RG-module is finite if and
only if F(RG) C P(RG). Hence, the assertion follows. O

For any A-module M, the Gorenstein projective dimension, denoted by Gpd, M,
is defined in the standard way via resolutions by Gorenstein projective modules;
see [18, 23]. The Gorenstein global dimension of A [5], denoted by G.gldimA, is
defined as the supremum of the Gorenstein projective dimension of all A-modules.
Analogously, the PGF-dimension PGF-dimy M of any A-module M, and the PGF-
global dimension PGF-gldimA are defined. The Gorenstein projective dimension
is a refinement of the PGF-dimension in the sense that Gpd, M < PGF-dimpM
for any module M, and GpdyM = PGF-dimy M if PGF-dimyM < oo; see [11,
Corollary 3.7].

The above result shows that the comparison between sfliRG and silf RG is essen-
tially about a problem on the relation between the projective and flat dimensions
of modules. Moreover, we have the following.

Corollary 5.3. Let R be a commutative Gorenstein ring, G be any group. If silf RG
is finite, then the following hold:
(1) GhdrG < oo, and every Gorenstein projective RG-module is Gorenstein

flat.
(2) For any Gorenstein flat RG-module M, PGF-dimreM = GpdraM < oo.
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Proof. By Proposition 5.2, the finiteness of silf RG implies both sfliRG < oo and
splf RG < oo. Then the assertion (1) follows by Theorem 3.7 and Proposition 5.1,
and the assertion (2) is immediate from [11, Proposition 3.9] together with [11,
Corollary 3.7 (2)]. O

Corollary 5.4. Let R be a commutative Gorenstein ring. For any group G, the
following are equivalent:
(1) silfRG < 0.
(2) GhdrG < o0, every Gorenstein flat RG-module has finite Gorenstein pro-
jective dimension and every flat Gorenstein projective RG-module is pro-
jective.

Proof. Note that for any commutative Gorenstein ring R, spliR = silpR < oo.
Then, sfliR < spliR < oo, and by Theorem 3.7 we have GhdrG < oo if and only
if sfliRG < oo. It follows from [10, Proposition 3.2] that splf RG < oo if and only
if every Gorenstein flat RG-module has finite Gorenstein projective dimension and
every flat Gorenstein projective RG-module is projective. Hence, the assertion
follows immediately from Proposition 5.2. O

It follows from [18, Proposition 10.2.3] that any Gorenstein projective module
of finite projective dimension is necessarily projective. For modules over group
rings, the hypothesis on the finiteness of the projective dimension may be relaxed
as shown below.

Corollary 5.5. Let R be a commutative Gorenstein ring, and G be a group. If
silf RG < 0o, then any Gorenstein projective RG-module of finite flat dimension is
necessarily projective.

It is trivially true that for any finite group G, the integral group ring ZG is
noetherian, while this question is quite subtle for infinite G. It follows from [22,
Theorem 1.1] that for any virtually polycyclic group G, the group ring ZG is noe-
therian. Recall that a group G is polycyclic if there exists a subnormal sequence

G=G>G>--->G,=1

such that Gy/Gry1 is cyclic for all 1 < k < n. The minimal length of such a
subnormal sequence is the Hirsch length of G. A group is virtually polycyclic, also
named a polycyclic-by-finite group, if it has a polycyclic subgroup of finite index.

Proposition 5.6. Let R be a commutative Gorenstein ring. Let G be a group such
that RG is a left noetherian ring. Then sfliRG < oo if and only if sSilf RG < co. In
this case, one has sfliRG = silf RG.

Proof. The “if” part follows from Proposition 5.2, that is, silf RG < oo implies
sfliRG < oo. By [12, Proposition 4.2] we have an inequality sfliRG < silpRG.
Moreover, it follows from [14, Proposition 2.1] that silf RG = silpRG; see also [1,
Theorem 3.3]. Hence, we have sfliRG < silf RG. Here, it is not necessary to assume
that the group ring RG is noetherian.

For the “only if” part, we assume RG is a left noetherian ring, and sfliRG =
n < oco. Let F be any flat left RG-module. Consider the exact sequence of left
RG-modules

0O —F—Iy— - —I, 1—L—0

for which I; (0 <i <n—1) are injective modules. Denote by (—)* the Pontryagin
dual Homy(—,Q/Z). Then we get an exact sequence of right RG-modules

0— LT —IF, — . — I —If —F"—0.

It is clear that F't is an injective RG-module. Since RG is left noetherian, it
follows that Ij are flat right RG-modules for 0 < i < n — 1; see for example [18,
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Corollary 3.2.17]. Then, the assumption sfliRG = n implies that sfli( RG)°? =
n, and furthermore LT is a flat right RG-module. Hence, L is an injective left
RG-module by [18, Corollary 3.2.17]. Consequently, we get the desired inequality
silf RG < n. This completes the proof. O

It is well known that G.gldimA < oo if and only if spliA = silpA < oo; in this
case, one has G.gldimA = spliA = silpA; see for example [13, Theorem 4.1]. For
PGF-global dimension, it follows from [11, Theorem 5.1] that PGF-gldimA < oo if
and only if spliA = silpA < oo and sfliA = sfliA°? < co; in this case one has

PGF-gldimA = spliA = silpA = G.gldimA.
Moreover, we have the following.

Proposition 5.7. Let R be a commutative ring, and G be a group. Then spliRG <
oo if and only if PGF-gldimRG = G.gldimRG < oo; in this case, PGF-gldimRG =
spliRG.

Proof. Tt suffices to prove the “only if” part. It follows from [11, Corollary 5.4]
and [20, 1.6] that silpRG < spliRG with the equality if spliRG < oo. Invoking the
finiteness of spliRG, we infer that sfli( RG)°? = sfliRG < co. Then the assertion
and the equality PGF-gldimRG = spliRG follow immediately from [11, Theorem
5.1]. O

It is well known that the flat dimension of any module is less than or equal
to its projective dimension, while it is not clear if the inequality GfdM < GpdM
holds “locally” for any module M. However, for group rings the inequality follows
“globally” as shown below.

Proposition 5.8. Let R be a commutative ming and G a group. Then there is an
inequality

G.weldimRG < PGF-gldimRG = G.gldimRG < G.wgldimRG + splf RG.

Proof. The inequality G.wgldimRG < G.gldimRG follows from [5, Corollary 1.2
(1)]. For completeness, we briefly include an argument in [13, Remark 5.4 (ii)],
which is different from that of [5]. The inequality is obvious if G.gldimRG = oo
and hence we may assume that G.gldimnRG = n < co. Then it follows from [13,
Theorem 4.1] that silpRG = spliRG = n. By the definition, we have sfliRG <
spliRG. Hence, it follows from [13, Theorem 5.3] that G.wgldimRG = sfliRG < n.

The inequality G.gldimRG < G.wgldim RG+splf RG is immediate from [10, The-
orem 3.3]. It remains to prove the equality PGF-gldimRG = G.gldimRG. It follows
from [27, Theorem 4.4] that every PGF-module is Gorenstein projective, and then
the inequality G.gldimRG < PGF-gldimRG is clear. Conversely, in proving the
inequality G.gldimRG > PGF-gldimRG, it suffices to assume that G.gldimRG = n
is finite. Then sfliRG < spliRG = silpRG = n. Hence, we infer from [11, Theorem
5.1] that PGF-gldimRG < oo, and moreover G.gldimRG = PGF-gldimRG. This
completes the proof. O
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